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Function

Domain

Range

End Behavior

6=

=l
Na¥

=)

(0, 00)

(—O0,00)

lim In(z) = oo
T— 00

lim In(z) = —c0
z—07

(_007 OO)

lim e®* = o0
r— 00

lim e* =0
r——0o0

(_007 OO)

lime *=0
r—r 00
lim e
r——00

=00

3n/2

a:;é%—l—mr

(—O0,00)

. 1 T
im tan™ "z = —
Z—00 2

. 1 T
lim tan "z = ——
T——00 2

-

(_007 OO)

lim tanz = —o0
a:—):i:%Jr

im tanz = o©
5

Exponential Functions

b*,b > 1

(_007 OO)

lim b* = oo
T—00
lim * =0

T——00

Exponential Functions

b*,0<b< 1

(_007 OO)

lim b* =0
Tr—r 00

lim b* =
r——00
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Indeterminate Forms

Sometimes, direct substitution in a limit does not provide a clear answer. Instead, it leads to
forms that require special techniques. These forms are called indeterminate forms. In this
section, we will discuss these forms and how to evaluate the limits for each one correctly.

- -

Indeterminate Indeterminate Indeterminate Indeterminate
Fractions Products Differences Powers
0 oo .
(6’5) (0 - 00) (00 — 00) (00,000,1 )
—_—
T
lim 'f( ) is of the form 0 or sl
z—a g (:p) 0 S
i~--. can be any real number
or oco
. f(z . [ (=
J Apply L'Hospital’s Rule: lim () = lim ,( )
T—a g(;z:) z—a g (m)
A Notice that, we can apply L'Hospital’s Rule more than once.
. sinx 0
@ lim —— — d
z—0 @ 0 E(smw) = cosz
. d
. sinx . Ccosx @ (") = pgnl
lim = lim =cos(0) =1 a )
z—0 €T z—0
. e” 00
@ lim — +———» —
z—00 2 o0
d
e et 00 ——(e) =€
lim — = lim — +——» — p
T—r00 ;U2 r—00 20 oo d_(mn) — a1
T L
. e
= lim — = o
r—00
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. x-3" . 3%+ 1x-3%In(3)
lim . = lim -
x—0 3 - 1 z—0 3 111(3) %(bx) X ln(b),b >0
. 3" (14 zIn(3))
= lim
z—0 37 ln(3)
. 1+ 2zIn(3) 1
= lim =
z—0 1n(3) 111(3)
lim f(z) - g(x) is of the form 0.

‘.. can be any real number

or oo
f(z g(z
< Rewrite the Product as a Quotient: f (2) - g(z) — (1 ) or (1 )
g(x) f(z)
. fl) . f(z)
Apply L'Hospital’s Rule: lim = lim
J PPYY P r—a g(gj) z—a g’ (33)
@ lim tanzln(sinz) ==+ 0-c0
T3
In(sin x
lim tanzIn(sinz) = lim ¥
z—%" . cotx
cosz %(sinx) =cosz
— hm S —(cotw):—csc2m
s T —csclx @
? 2 (n(f(e))) = L2
CoS T . dz @)
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lim f(z) — g(z) -~ is of the form oo —

T—a
1

‘. can be any real number
or oo

J Rewrite the Difference as a Quotient or a Product:

f@)~g() > 5 o A-B

J You will get one of the previous forms

lim — — ] =+ 00—00
z—0t \ e — 1 x

) 1 1 . rz—et+1
lim — — ] = lim () e
z—0t \e? —1 z—0t z(e® — 1) da
_ 1 1 — e %(m") = nz"!
_mggl+ e? 4+ ze* — 1 %(f-g)=f’-g+f-g’
T
= lim €
z—0t e’ + e* + xe®
—e” -1 1
= lim ——— = lim = —=
x—0t em(2 + .CU) z—0t 2+ x 2
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lim [f (a:)]g(z) ---------- is of the form 0%or oc’or 1%
T—a

‘. can be any real number
or oo

J Transform the power to logarithm: |f (w)]g(m) —~y=In[f (m)]g(w)
y=g(z)lnf(z)

J Evaluate the limit of y and the main limit:

limy =L = lim [f (:c)]g(m) — el
T—a T—a

1
y=In (w%) = —lnx
x
Iim y= lim —lnz +~—* 0-00 d _ f(=)
w—>ooy T—00 ¢ E(ln(f(l')))* f(z)
. Inz 00 I ——
= lim — +=—» — de
x—00 I oY) In (f9) = gln (f)
L1
= lim —=—=0
z—o0 1 00
. 1 0
= lim (z)* =e” =1

T—00
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@ lim (1—z)™* ——s 0

z—1"
y=In(1—2)"" =lnzln(l — z)

lim y= lim Inzln(1 —z) == 0 -
z—1" z—1-

. In(1—2)
= lim ———~

z—1— 1

o0
(0.@)

— |h d / !
_m1i>nll* 1 —(f9)=f9+fg

8
1
o
3
o
e
| B
8 | B
[\
o O

li — i 11 1 d f'(z)
Mgy = g g (re) moe 00 i) = G

. In(1+x) 0 = (@) = na
= lim —— 0 In (£9) = g1n (§)
1

. 1+x
= lim = —
z—0t 1 1
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~ tan"!'(2z ,
lim (22) 2 (m(sey) = 22
z—0* Inzx “ i f=)

. tan"1(2z)  tan"1(0) 0 a )
lim = = =0 In (f9) = gln (f)
z—0+ Inz —00 —00

@ lim Inz —In(sinz) ——+ o0—
z—07"

lim Inz — In(sinz) = lim 1n( : )

z—0" z—07" SiIl T E(sinm) = cosx
. T 0 d
lim — _— o5 (@) =na"!
z—0+ sin x 0 y
N 1 1 In() ~ In(g) = In(2)
lim — — lim = =1
z—0+ sinz  z—0+ cosx  cos (0)
= lim Inz —In(sinz) =1In(1) =0
x—07T
, log, 00
@ tim B e
T—0 10O €T /
83 ) T (omlf(@)) = E
10g2 i In(2) z i( ") = ngn !
lim 1 3 = lim . dg 0T
z—00 l0g4 ((c —+ ) T—r00 n(3) (273)
. In(8) z+3 00
= lim —_—— —
T —00 ln(z) €T 00
. In(3) 1 In(3)
= lim e —
z—o0 In(2) In(2)
. e -1 0
@ lim — —_— —
z—0 SInT 0 4 (cima) =
e -1 . ae™® ae’ a d B
]_lm - = ]_]_m = = — = Q i(ef(z)) =f (m)ef(m)
z—0 sinz z—0 cosz  cos(0) 1 da
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i br3 — 2
T sin (az) + bx z _ 0
z—0 a’,‘3

Find a and b.

. sin(az) + bx® — 2z 0
lim —_— —
z—0 x3 0

. acos(az) + 3bx? — 2
— lim ——
z—0 32

= acos (0) +3b(0)°—2=0
=a—2=0
=a =2

2 cos (2z) + 3bz? — 2

= lim ——
z—0 31132

. —4sin (2z) + 6bx
= lim
x—0 6x
. —8cos(2x) + 6b
= lim =
z—0 6
—8cos (0) + 6b
=0
6
= —8cos(0) +6b =0
= —8+6b=0
= 6b = 8

8§ 4
=b=—==
6 3

oo

oo

0
—_— —
0

0

=
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