1.4 - Inleghalion ef Ratienal Funcliens
Partial fraction decomposition is a powerful method used to make the integration of rational functions “fraction

where both the numerator and denominator are polynomials” easier. The idea behind this technique is to break
down a complex rational function into simpler fractions which can be easily integrated.

In this section, we will show how to integrate any rational function by expressing it as a sum of simpler fractions
“partial fractions” that we already know how to integrate.

Notice that,

a? — b?> = (a—b)(a+b)

a? + 2ab + b%? = (a + b)?

a’? —2ab + b? = (a — b)?

a® + b3 = (a + b)(a? — ab + b?)

a® — b3 = (a — b)(a? + ab + b?)

Suppose that we want to evaluate the integral [ % dx, where f(x) and g(x) are polynomial functions.

Key steps in the process:
(1) Check the degrees of the polynomials:

r(

fx) (J;)) , where E(x) is a new

If deg(f(x)) > deg(g(x)), then use a long division to obtain ek E(x) + P
polynomial with deg(f(x)) < deg(g(x)).

(2) Factor the denominator:
If deg(f(x)) < deg(g(x)), we express g(x) as a product of linear factors of the form ax + b or quadratic
factors of the form ax? + bx + c.

(3) Set Up the Partial Fraction Decomposition:
f(x)

Decompose ) to partial fractions.
fx) fx) 1 n 2 n n Tn s1x+tq Spx+ty SmX+t,
gx)  (ax+b)*(cx?+dx+e)"  ax+b = (ax+b)? (ax+b)® = cx’+dx+e  (cx2+dx+te) (cx?+dx+e)"

(4) Solve for the Constants.
To do this, multiply both sides of the equation by the denominator and then equate the resulting polynomial
to the original numerator. This process gives a system of equations, which can be solved to determine the
values of the constants.

(5) Integrate each term.
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» Examples:

x3-6x%2+5x-3

1. I= f—x2—1 dx
Step (1):
degree of the numerator =3 > degree of the denominator = 2
xX—6
xz -1 x3—-6x2+5x—3
3 @
X —-x
—6x%2+6x—3
2 ©
—6x +6
6x—9
x3-6x%+5x-3 6x—9
= —0 = (x—6)+ o
Step (2):
6x-9 6x—-9
x2-1 (x=1)(x+1)
x3-6x2+5x-3 6x—9
= x2-1 =(x-6)+ (x—1)(x+1)
Step (3):
6x—9 6x—9 _a n L
x2-1  (x-D(x+1) x-1  x+1
x3-6x2+5x-3 a b
= e, - -6+ o+
Step (4):
6x-9 _ a_ n L _a(x+1)+b(x-1)
x2-1  x-1  x+1 x2-1
> 6x—9=a(x+1)+b(x—-1)
6x—9=ax+a+bx—>b
First method:

x=1 = 6-9=a(1+1)+0 = -3=2a = az—g
x=-1 = —6-9=0+b(-1-1) = -15=-2b = b=1_

Second method:
“Compare the coefficients”

Coefficient of x: a+b=26 — (1)
Coefficient of x°: a—b=-9 — (2)
(W+(@2)= 2a=-3 = a=-

(1)—-(2)= 2bp=15 = b=12—5

3_¢.2 _
— b 6x+5x3:(x_6)+

x2-1

-3/2 15/2
x—1 T x+1
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Step (4):
I_f( 6)+_3/2+15/2
- )¢ x—1 x+1

—fd 6jd 3f1d+15 1 4
) rex ) x AT  aa

_le s 3l| 1|+151|+1|+C
—-ZJX X 2 n|x 2 nix

—-2x+4
2= e 9

Step (1):
degree of the numerator =1 < degree of the denominator = 4

Step (2):
the denominator is already factored “expressed as a product of linear and quadratic factors”

Step (3):
—2x+4 __a b cx+d
(x2+1) (x—1)2 T x-1 0 (x-1)2  xZ+1

Step (4):
-2x+4  _ a_ b cx+d _ a(x—1)(x2+1)+b(x?+1)+(cx+d) (x—1)?
(x2+1) (x—1)2 T x-1 0 (x-1)2  x2+1 (x2+1) (x-1)2

= 2x+4=a(x—-1D*+1)+b(x*+1)+ (cx+d)(x—1)2
2x+4=a(x}+x—-x*-1D)+b(x*+1)+(cx+d)(x*—-2x+1)
—2x+4=ax3+ax—ax* —a+bx*+b+cx®—2cx®* +cx +dx* —2dx+d
2x+4=(@+)x*+(-a+b—-2c+d)x*+(a+c—-2d)x+(—a+b+d)

“Compare the coefficients”

Coefficient of x3: a+c=0 — (1)
Coefficient of x>: —a+b—-2c+d=0 — (2)
Coefficient of x: a+c—2d=-2 — (3)
Coefficient of x°: —-a+b+d=4 — (4)
(1)-3)=> 2d=2 > d=1

2)—(4)=> —-2c=-4 = c=2

From(1)=> a+2=0 > a=-2

From(4)= b+3=4 = b=1

—2x+4 -2 1 2x+1

(x2+1) (x-1)2 T x-1 (x=1)2  x2+41
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Step (4):

2x+1
)= fx—l (x— 1)2 x2+1dx
1 2x 1
fx—l (x—1)2 x2+1+x2+1dx

—zf1d+f d+zfxd+f1d
B x—17% (—1)2x 211" 2+1"

1 2 -1
=—Zln|x—1|—ﬁ+ln|x +1|+tan x+C

Notice that:
1 1 X
- — -1(Z
fx2+a2dx atan (a)+C
& Proof:
fertztn = e
——dx = | ———dx
x% + a? 2 (x*
a(ﬁﬂ)
1 1 d
=— X
a? 2
3) +1
Letu==- = duzldx = dx=adu
1 1
=— adu

1 1 1 1 X
:—f—du =—tan 'u+C=—tan™! (—) +C
a a
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+» Write out the form of the partial fraction decomposition of the following functions. Do not determine the
numerical values of the coefficients.

1 4+x
* (1+2x)(3-x)
4+x _a b
(1+2x)(3-x)  1+2x tix
1
2. it
1 1 a b cx+d

x24xt T x2(14x2)  x 2% 14x2

1
(x—l)z(x2+2)2

1 __a + b cx+d ex+f
(x—l)z(x2+2)2 x—1 (x-1)2  x2+42 (x2+2)2

2x%+5x+9
(3x+2)3(x+5)
2x%+5x+9 _a b c d

(3x+2)3(x+5) ~ 3x+2  (3x+2)2 = (3x+2)3 + x+5

x—4
x2-5x+6

x—4 x—4 _a + b
x2-5x+6  (x=2)(x=3) x-2 x-3

4x
(x=1)2(x+1)
4x a b c

-12(x+1)  x-1 T x-12 | x+1

3x+1
(x2+1)(x— 1) (x+5)

3x+1 __ax+b c
(x2+1)(x—1) (x+5) T x241 | x-1

d
+

x+5

2x2—x+4
x3+4x
2x2—x+4 _ 2x2—x+4 _a  bxtc
xBrax  x(x2+4) x | x%+4

1-x+2x2—x3
2
x(x2+1)
1-x+2x2—x3 _a bx+c dx+e

x(x2+1)°  x  x22H1 0 (x241)
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+» Evaluate the indefinite integral.
x-9

10. I = fmdx
Step (1):
degree of the numerator =1 < degree of the denominator = 2
Step (2):
the denominator is already factored “expressed as a product of linear and quadratic factors”
Step (3):
x—9 a b
52 x5 x2
Step (4):
x—9 __a L _ a(x—2)+b(x+5)
(x+5)(x=2) x+5 x-2 (x+5)(x—2)

> x—9=a(x—-2)+b(x+5)
x—9=ax—-2a+bx+5b
First method:
x=2 = 2-9=0+b(2+5) = -7=7b = b=-1
x=-5 = -5-9=a(-5-2)+0 = —-14=-7a > a=2
Second method:
“Compare the coefficients”
Coefficient of x: a+b=1 — (1)
Coefficient of x°: —2a +5b = -9 — (2)
20+ (2)= 7b=-7 = b=-1

From (1) > a- 1:1 = a=14+1 = a=2 [dx=Injx| +C
_x9 2 -1
(x+5)(x-2) x+5  x-2

Step (4):

=2In|x+5|—In|lx—-2|+C

x*+9x2 +x+Z
11. K = f 279
degree of the numerator =4 > degree of the denominator = 2
X2
2 4 2
2
x“+9 xX*+9x“+x+ o [ardx=Lamiic
x* + 9x? "
x+2 fidx=ln|x|+C

x*+9x2 +x+2 2 x+2

219 =X +x2+9 J o= dx——tanl()+c

K—f2+x+2d—f2d+f x d+2f L
T Tyt T X aX x2+9%% x2+9%*
x3+ Sln|x? + 9|+ tan_l()+C

6
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121 = gy
10 __a | bxtc _ a(x?+9)+(bx+c)(x—1)
(x-1)(x2+9) x-1  x249 (x—1)(x%2+9)
= 10=a(x*+9)+ (bx+c)(x—1)
10 =ax* +9a+bx* —bx+cx—c
Finding the constant a, b, c:
Atx=1 = 10=a(14+9)+0 = 10=10a = a=1
“Compare the coefficients”

Coefficientof x>: a+b=0 — (1)
Coefficient of x: -b+c=0 — (2) L
[-dx=1n|x|+C
Coefficient of x°: 9a—c =10 — (3) :
Fl‘()ln (1) = b = —a = b == _1 J‘ch+alzdx__tan 1(£)+C
From(2)= ¢=b = c¢=-1
10 1 —x—1

(x-1)(x2+9) x—1 ' x2+9

L—f 1, —x-1,
T x—1 " x2x9 Y

[t [ e [ s
B I Y R R R R

= In|x — 1| ——ln|x +9| ——tan_l( )+C

1
13. M = fxg_ldx
1 1 __a bx+c a(x2+x+1)+(bx+c)(x—1)
x3-1 (x-1D(x2+x+1)  x-1  x2+x+1 (x—1)(x2+x+1)

= 1=a(x*+x+1)+ (bx+c)(x—1)
l=ax’+ax+a+bx>*—bx+cx—c
Finding the constant a, b, c:

Atx=1 = 1=a(1+1+1)+0 = 1=3a = a=%

“Compare the coefficients”

Coefficient of x>: a+b=0 — (1)
Coefficient of x: a+b+c=0 — (2) a® — b = (a—b)(a® + ab + b?)
Coefficient of x°: a—-c=1 — (3)

1 fidx=ln|x|+C
From(1)=> b=-a = b:_5

1 2 fx2+ dxz—tanl()+C
From(3)= c¢=a-1 > c:g—l = c=-—3
1 1 1,2
— _ _3 3°°3

M—f % + —%x—% dx—lf L dx 1[ x+2 dx
T x—-1 x2+4+x+1 " 3)x-1 3) x2+x+1

We need to complete the square.
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AW

2 2 1 1 1\2
x*+x+1=x +x+Z_Z+1:(x+E) +

Letu:x+% = du=dx

M_lf 1 1fu+§d
“3)x-1""3 u2+%x

lf 1 d lf u d 1 3f 1 d
=— XxX—=| ——=dx—== | ——=dx
3/ x-1 3 u2+% 3 2 u2+%
_1 _11-1 2,311, 2  —1(_%
—slnlx 1] 6ln|u +4| > Hlan (ﬁ/2)+C

1
= ;lnlx -1 - %lnlxz +x+1| - ?tan‘1 (—2(x+2)> +C

V3

_1 PTHE 2 B ﬁ 1 (2x+1)
—3ln|x 1] 6ln|x +x+1| 5 tan NG +C
2x+1
14.P = fx2—7x+12
2x+1 2x+1 __a L _ a(x—4)+b(x-3)
x2-7x+12  (x-3)(x-4) x-3  x-4  (x-3)(x—4)

= 2x+1=alx—4)+ b(x—3)
2x+1=ax—4a+ bx—3b
Finding the constant a, b:
Atx=3 = 23)+1=a3-4)+0 = 7=-a = a=-7

Atx=4 = 24)+1=0+b(4-3) = b=9
2ot _ =7 9
x2-7x+12  x-3 x4 [dx =nlx| +C

P—f_7+9d—7f1d+9f1d
T x—3"x—2a &~ x—3°% x—4%"
=—-7In|lx—3|+9In|x—4|+C

x+3

15.R = [s5——dx
x+3 _ x+3 x+3 _a L c a(x—2)(x+2)+b(2x)(x+2)+c(2x)(x—2)
2x3-8x  2x(x%2-4)  2x(x-2)(x+2) 2x x-2  x+2 2x(x—2)(x+2)

> x+3=al(x—2)(x+2)+b2x)(x+2)+c(2x)(x —2)

Finding the constant a, b, c:
3

Atx =0 =2 3=—4a > a=--
4 a* —b*=(a—-b)(a+b)

5
Atx =2 = b5=16b > =1 [~dx = Inlx| +C

Atx = -2 > —-1=-16¢c = c=1—16
3 5 1
3 5 1 31 5
R= | %, _T16 6 _g4 :__J'_d 2
f2x+x—2+x+2 *=-3)x" 16

1 d 1 1 d
x—2 x+E x+2 *

3 5 1
= —Elnlxl +1—61n|x—2| +1—61n|x+2| +C
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X2
(x-1) (x2+2x+1)
x? _ x2 a b c N a(x+1)2+b(x—1)(x+1)+c(x—1)

(-1D)(x2+2x+1)  @-DE+DZ x-1 241 | (x+D2 (x—1)(x+1)2

= x*=alx+1D?*+b(x—-1D(x+1)+c(x—-1)
x’=ax*+2ax+a+bx*—b+cx—c

Finding the constant a, b, c:

Atx=1 = 1=4a = a=1 a?—b? = (a—b)(a+b)
1

16.W={

Atx=—-1 = 1=-2¢c = c=—1 [dx =nlx| +C
2
“Compare the coefficients” [ardx= a4 c
Coefficient of x>: a+b=1 — (1)
From(1)= b=1—-a = b:%
x? — x? — i + __% + %
(x-D(x2+2x+1)  (x-D+1D2 x-1  x+1  (x+1)2

1 3

w—f 4 4 — dx—lde:HE —dx——j—dx
= x—1 x4+ 1 (x+1)2 - 4) x-1 4) x+1 (x + 1)2

N =

= —lnlx— 1| += ln|x+ 1] +2( D +C
8x2 +8x+2
17.5 = f (4x2+1)

8x2+8x+2 _ ax+b cx+d _ (ax+b)(4x%+1)+(cx+d)
(4x2+1)° 4241 (ax241)° (4x2+1)
= 8x2+8x+2=(ax+b)4x*+1)+ (cx+d)

8x2+8x+2=4ax3+ax+4bx* +b+cx+d
Finding the constant a, b, c, d:
“Compare the coefficients”
Coefficient of x3: 4a =10 = a=0 R
Coefficient of x>: 4b =18 = b=2 Sttt ve
Coefficient of x: a+c=8 = c¢c=8 Jandx = Gamt 4
Coefficientof x°: b+d=2 = d=0

8x2+8x+2 2 8x

= +
(4x2+1)°  4x%+1  (4x2+41)

2 8x 1 X
S:f4x2+1+(4x2+1)2dx:2f4x2+1dx+8f(4x2+1)2dx:21+8]
Letu=2x = du=2dxinl and w=4x*+1 = dw=8xdx in]

1 1
=J-u2+1du+fﬁdw

_ -1 _1
= tan '(u) w+C

= tan"1(2x) — +C

1
4x2+1
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x*+81
18.N = | o) dx
x*+81  a | bxtc dx+e a(xz+9)2+(bx+c)(x)(x2+9)+(dx+e)(x)
x(x249)2 x| x2+9 | (x249)? x(x?+9)?
= x*+81=a(x®+9)?%+ (bx+c)x(x*+9) + (dx+e)
x* + 81 = ax* + 18ax? + 81a + bx* + 9bx?* + cx3 + 9cx + dx?* + ex
Finding the constant a, b, ¢, d, e:
Atx =0 = 81=81a > a=1

“Compare the coefficients”

Coefficientof x*: a+b=1 = b=0 [tax=
Jdx = In|x| + C
Coefficientof x3: ¢ =0 )
n — = antl
Coefficient of x>: 18a+9b+d = 0 -~ d=-18 [ardx=qamtiaC
Coefficient of x: 9c+e=0 = e=0
x*+81 1 -18x

x(x249)2 x| (x249)

N—j1+ _18xd—j1d 18f X d
) x (x2+9)2 =) (x2 + 9)2 *
Letu=x>+9 = du=2xdx

1 1
=f—dx—9f—2du
X u

= In|x| +2+4C = In|x| + =+ C
x x4+9
19.0=[-—d
T fx4+x x
1 1 . 1 _a b cx+d  a(x+1)(x%—x+1)+b(x)(x%—x+1)+(cx+d)(x) (x+1)
xtix - x(x3+1)  x(e+D)(x2-x+1) x x4l | xPox4l x(x+1)(x2—x+1)

= 1=alx+1D&?—-x+1)+bx)&?—x+1)+ (cx+d)(x)(x+ 1)
1=ax3®+ a+ bx3 — bx? + bx + cx3 + cx? + dx* + dx

Finding the constant a, b, ¢, d:

Atx=0 = a=1

Atx = —1 = 1=-3p = bz—é a® + b® = (a+ b)(a® — ab + b?)
“Compare the coefficients” [ydx=Inlx|+C
Coefficientof x3: a+b+c=0 = c=—§

Coefficientof x: b+d=0 = d= %

xhx x(x+1)(x2-x+1) T x| oxt+l o aZ-x+1

0_f1+ -1 . —2x+3 p _fld 1ro1 1f 2x—1
T T x 1l 2 —xrl T ) XT3 1Y T3 a1

= In|x| —%ln|x+ 1| —éln|x2 —x+1|+C
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x4

20.T = [ 5—dx
degree of the numerator = 4 > degree of the denominator = 2
x?+1
2 4
x“—1 x
4_ .2 ©
xt—x
2
x
©
x2 -1
1
x* 2 1
i (x*+1)+ o
1 1 a b a(x+1)+b(x-1) a®+b* = (a+b)(a* — ab + b*)
21 (x-Dx+1)  x-1 | x+1 (a-1)(x+1) [ldx = tnix| + ¢

> 1=a(x+1)+b(x-1)
Finding the constant a, b:

Atx =1 = 1=2a = a=%

Atx =-1 = 1=-2b = b=—-

1 1
T=fx2+1+ z_,_ 2 dxzfxzdx+fdx+1 de—lf L dx
x—1 x+1 2) x+1 2) x—1

=%x3+x+%ln|x+1|—%ln|x—1|+C

3
2.E=[—2 _dx

4x2-4x+1
degree of the numerator =3 > degree of the denominator = 2

4x + 4

4x%2 —4x+1 | 16x3
16x3 — 16x% + 4x

16x% — 4x
16x% —16x + 4
12x — 4
3
4-x21—6:x+1 =@x+4)+ 4x122—x4-:l-1 [ydx=Inlx|+C
12x-4  12x-4 _ a b __a(2x-1)+b a
4x2—4x+1 (2x-1)2  2x-1 ' (2x-12?  (2x-1)2 ™

= 12x—4=a(2x—-1)+b
= 12x—-4=2ax—a+b
Finding the constant a, b:
“Compare the coefficients”

Coefficient of x: 2a =12 > a=6
Coefficient of x°: —a+b=-4 = b=2
16x3 12x—4 a 6 2
4x2-4x+1 (4x +4) + 4x2—4x+1 dx+4+ 2x-1  (2x-1)2 dx+4+ 2x-1 + (2x-1)2
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2
d
2x—1 @x—12%*

1 1
—4fxdx+4fdx+6f2x—_1dx+2fmdx

=222 +4x+3Mm)2x—1| - ——+C
2x—1

E=f4x+4+

2.D0=[—2 _dx

x3-x2+x-1
degree of the numerator = 4 > degree of the denominator = 3
2x + 2

B-xt+x-1 | 2x*
2x* — 2x3 +2x% - 2x
2x3 — 2x% + 2x
2x3 —2x% +2x -2
2

2x%
x3—x2+x-1

2
x3—x2+x-1

=2x+2)+

To factor x3 — x% + x — 1:
B—-x2+x-1=03-1)—-x*+x
=(x-1DE*+x+1)—x(x—-1)
=(x—-D[x*+x+1—x]
=(x-1x*+1)
2 2 ax+b c (ax+b)(x—1)+c(x2+1)

BxZix-1 (x2+1)(x-1)  x2+1  x-1 (x2+1)(x-1)
= 2=(ax+b)(x—1) +c(x*+1)

= 2=ax*—ax+bx—b+cx*+c

Finding the constant a, b, c:

Atx =1 > 2=2¢c = «c¢=1

“Compare the coefficients”

Coefficient of x2: a+c=0 = a=-1
Coefficient of x: —a+b=0 = b=-1
2x% —x—-1 1
B-xZ+x-1 (Zx + 2) + B-xZ+x-1 2x+2+ x2+1 + x—-1
—-x—-1 1

D=|2 2 d
fx+ +x2+1+x—1x

x+1 1
=2fxdx+2fdx—f dx+f dx
x2+1 x—1

X 1 1
fodx+2fdx—fx2+1dx—fx2+1dx+fx_1dx

=x% +2x — §1n|x2 +1| —tan'(x) + In|x — 1| + C
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a® — b® = (a— b)(a® + ab + b?)

[amdx =——x"14C
n+1

fidx= In|x| +C

1
x2+1

dx = tan'(x) +C
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23.

24.

&Y www.olearninga.com

A= ett12e2t_et
- f ety

dt

Letu=¢e! = du=e'dt
et(e3t+2et—-1) w+2u-1
A—f 211 dt_fuz—-l—ldu
degree of the numerator =3 > degree of the denominator = 2
u
w?+1 | ud+2u+1
3 ©
uw'+ u
u+1
ud4+2u—-1 u+1
uZ+1 =u+t uZ+1

Af+u+1d fd+f"d+f L
=|u u= | udu u u
uz+1 uz+1 uz+1
—1 2+%ln|u2+1|+tan_1u+C
_ 2e2 4 2Inje? + 1| + tantet + C
sin@

F=[—2m0 49

cos2 0+cos -2
Letu=cos0 = du=-—sinf db

1
F:—f—de

uz+u-—2
1 _ 1 _a b
w+u-2 (u-D@w+2) u-1  u+2

= 1=a(u+2)+b(u—-1)
Finding the constant a, b:

Atu=1 = 1=3a = azg
1 1
_1 _ e b _ 3 73
u2+u—2_u—1+u+2_ 1+ +2
1 1
Fee |3 4 3 gu=—_= f_du
fu—l u+2 3

—§1n|u—1| +3Infu+2+C
= —;lnlcose— 1] +§ln|cos0+2| +C

(©) olearninga

=

1 p—
f;dx— In|x| + C
fx"dx=ix"+1+C

dx = tan'(x) + C

x2+1

d .
a(cosx) = —sinx

1 p—
f;dx— In|x| + C

(© 66939059




letu=Vx+4 = u:=x4+4 = x=u’ -4 = dx=2udu
2

u u
Bzfm-Zudu=2fmdu

u?-4+4
=2 [y

fu2—4+ 4 4
wZ—a uz—a™

1
=2 f du+ 8 f m du
1 1 a b
w4 w2@tz) w-z @ utz
> 1=a(u+2)+b(u-2)
Finding the constant a, b:

Il
N

fidx= In|x| +C

1 xtdx = ——x"1 4 ¢
Atu=2 = 1=4a > a=- I n+1

Atu=-2 = 1=-4b = ph=_—=

1 _a b _ 3 i
= u2-4  u 2+ +2 u- +u+2
1 1
B Zfdu+8f du=2fdu+8U + 4 4dul
— -2 u+2

=2u+2mnju-2|—-2Imnjlu+2|+C
=2Vx+4+2In|Vx+4-2|-2mn|Vx+4+2|+C

¢ Evaluate the deﬁnite integral.
4 x3-2x%-

26.] = [, = sz
4 4 4
dx=| 1dx— | ———dx
J= f Zx2 x3 — 2x? L L x3 — 2x?
N _a i c ax(x—2)+b(x—2)+cx?
3\73—2;\72 o xz(x—Z) x  x2 x-2 x%(x-2)

= 4=ax(x—2)+b(x—2)+cx?

= 4 =ax*-2ax+ bx—2b + cx?
Finding the constant a, b, c:

Atx =2 > 4=4c = «c¢c=1
Atx=0 = 4=-2b = b=-2
“Compare the coefficients”

Coefficient of x: —-2a+b=0 = a=-1
4 a -1 -2 1
TS itetiE =t et
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—f41d f * d—f41d I
J= T LT T YT ), T T2

4 4-1 4-1 4 1
:J-ldx+j—dx+2j —de—f dx

4

: 2
= x + mnx| ———zn|x—2|]
| X 3

= [4 + m|4] —%— In|4 — 2|] - [3 + In|3]| —g— In|3 — 2|]
[7 7
= |3+ inl4| - zn|2|] - [§+ In|3| — zn|1|]

= %+ zn|2|] - [§+ zn|3|] =l+m |§|

0 x3
27.Q = f—l x2-2x+1
degree of the numerator =3 > degree of the denominator = 2
x+2
x2—-2x+1 ‘ x3
x3—2x*+x
2x% —x
2x% —4x +2
3x—2
3
ﬁ =(x+2)+ x23—x2x2+1 3y
3x-2  _ 3x-2 _ a_ b a(x-1)+b f;dx =In|x| +C
x2-2x+1 (x-1)Z2 x-1 (x-1)2 (x—1)2 [ PR
= 3x—-2=a(x—1)+b ntl

= 3x—2=ax—a+b

Finding the constant a, b:

Atx=1 = 3(1)-2=b = b=1
“Compare the coefficients”

Coefficient of x°: —a+b=-2 = a=3
3x-2 _a b i 1

x2-2x+1 x-1 T (x-1)2 x-1 T (x-1)2

0 x3 0 3 1
= +2)+ 5—F——dx= +2+ + d
Q f_l(x ) X2 —2x+1°% f_lx 1 (x—1)2 .

0 0 0 1 0 1
= xdx+2f dx+3f dx+f ——dx
f_l - 4x—-1 4 (x—=1)?

1510 (] (] 11°
= [Ex ]_1 + 2[x]2; + 3[In|x — 1]]2; —

E]_l
1 1 1
=|o—3| + 200+ 1]+ 3[tn|-1] — mI2]] - | = - 5]
=—2+2-3m(2) +5;=2-3In(2)
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