
7.3 – Trigonometric Substitutions 
Trigonometric substitution is a technique used to simplify integrals when the integrand involves square roots 
(such as finding the area of a circle or ellipse) or rational functions of polynomials. The idea is to make a 
substitution using trigonometric identities to simplify the expression. 

There are 3 common trigonometric substitutions. In this section, we will discuss these cases and how to evaluate 
the integral for each one. 

(1) If 𝒇𝒇 contains √𝒂𝒂𝟐𝟐 − 𝒙𝒙𝟐𝟐: 
Set 𝒙𝒙 = 𝒂𝒂 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽     ⇒     𝒅𝒅𝒅𝒅 = 𝒂𝒂 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽𝒅𝒅𝒅𝒅  
This substitution works because:  
�𝒂𝒂𝟐𝟐 − 𝒙𝒙𝟐𝟐 = �𝒂𝒂𝟐𝟐 − 𝒂𝒂𝟐𝟐 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = �𝒂𝒂𝟐𝟐(𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽) = �𝒂𝒂𝟐𝟐 𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝒂𝒂 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽 
 
 Examples:  

1. 𝑰𝑰 = ∫ 𝒙𝒙𝟐𝟐

�𝟗𝟗−𝒙𝒙𝟐𝟐
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝟗𝟗 − 𝒙𝒙𝟐𝟐 = √𝟗𝟗 − 𝟗𝟗𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = �𝟗𝟗(𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽) = √𝟗𝟗𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽  

𝑰𝑰 = �
(𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽)𝟐𝟐

𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽
∙ 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 = �𝟗𝟗𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                                                        = 𝟗𝟗�𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                                                        = 𝟗𝟗�
𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)

𝟐𝟐
𝒅𝒅𝒅𝒅 

                                                        =
𝟗𝟗
𝟐𝟐
�𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)𝒅𝒅𝒅𝒅 

                                                        = 𝟗𝟗
𝟐𝟐
�𝜽𝜽 − 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐)� + 𝑪𝑪  

                                                        = 𝟗𝟗
𝟐𝟐
�𝜽𝜽 − 𝟏𝟏

𝟐𝟐
(𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽)� + 𝑪𝑪  

                                                        = 𝟗𝟗
𝟐𝟐

[𝜽𝜽 − 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽] + 𝑪𝑪  

 𝒙𝒙 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    ⇒     𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝒙𝒙
𝟑𝟑

   ⇒     𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙
𝟑𝟑
�  

 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 and 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽, we use the following right triangle: 
𝟑𝟑𝟐𝟐 = 𝒙𝒙𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝟗𝟗 − 𝒙𝒙𝟐𝟐   
   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
= 𝒙𝒙

𝟑𝟑
  

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

=
�𝟗𝟗−𝒙𝒙𝟐𝟐

𝟑𝟑
  

 

𝑰𝑰 = 𝟗𝟗
𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙

𝟑𝟑
� − 𝟗𝟗

𝟐𝟐
�𝒙𝒙
𝟑𝟑
� �

�𝟗𝟗−𝒙𝒙𝟐𝟐

𝟑𝟑
� + 𝑪𝑪 = 𝟗𝟗

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙

𝟑𝟑
� − 𝟏𝟏

𝟐𝟐
𝒙𝒙√𝟗𝟗 − 𝒙𝒙𝟐𝟐 + 𝑪𝑪    

 
 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝟏𝟏−𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝟐𝟐

   

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

∫𝒄𝒄𝒄𝒄(𝒙𝒙)𝒅𝒅𝒅𝒅 = 𝒄𝒄∫𝒇𝒇(𝒙𝒙)𝒅𝒅𝒅𝒅  

∫𝒄𝒄𝒄𝒄𝒄𝒄(𝒄𝒄𝒄𝒄)𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒄𝒄
𝒔𝒔𝒔𝒔𝒔𝒔(𝒄𝒄𝒄𝒄) + 𝑪𝑪  

𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝒙𝒙) = 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

1



 

2. 𝑱𝑱 = ∫
�𝟗𝟗−𝒙𝒙𝟐𝟐

𝒙𝒙𝟐𝟐
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝟗𝟗 − 𝒙𝒙𝟐𝟐 = √𝟗𝟗 − 𝟗𝟗𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = �𝟗𝟗(𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽) = √𝟗𝟗𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽  

𝑱𝑱 = �
𝟑𝟑𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽

(𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽)𝟐𝟐 ∙ 𝟑𝟑 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 = �
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 

                                                        = �𝒄𝒄𝒄𝒄𝒕𝒕𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                                                        = �𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏𝒅𝒅𝒅𝒅 

                                                        = −𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽 − 𝜽𝜽 + 𝑪𝑪 
 𝒙𝒙 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    ⇒     𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝒙𝒙

𝟑𝟑
   ⇒     𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙

𝟑𝟑
�  

 To find 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽, we use the following right triangle: 
 
𝟑𝟑𝟐𝟐 = 𝒙𝒙𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝟗𝟗 − 𝒙𝒙𝟐𝟐   

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

=
�𝟗𝟗−𝒙𝒙𝟐𝟐

𝒙𝒙
   

 

𝑱𝑱 = −
�𝟗𝟗−𝒙𝒙𝟐𝟐

𝒙𝒙
− 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙

𝟑𝟑
� + 𝑪𝑪    

 
 
 

(2) If 𝒇𝒇 contains √𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐: 
Set 𝒙𝒙 = 𝒂𝒂 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽     ⇒     𝒅𝒅𝒅𝒅 = 𝒂𝒂 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅  
This substitution works because:  
�𝒙𝒙𝟐𝟐 − 𝒂𝒂𝟐𝟐 = �𝒂𝒂𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝒂𝒂𝟐𝟐 = �𝒂𝒂𝟐𝟐(𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏) = �𝒂𝒂𝟐𝟐 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 = 𝒂𝒂 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 
 
 Examples:  

1. 𝑺𝑺 = ∫
�𝒙𝒙𝟐𝟐−𝟏𝟏
𝒙𝒙𝟒𝟒

𝒅𝒅𝒅𝒅 
Set 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒙𝒙𝟐𝟐 − 𝟏𝟏 = √𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏 = √𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽  

𝑺𝑺 = �
𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽
𝒔𝒔𝒔𝒔𝒄𝒄𝟒𝟒 𝜽𝜽

∙ 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 = �
𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒄𝒄𝟑𝟑 𝜽𝜽

𝒅𝒅𝒅𝒅 

                                                        = �
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

∙ 𝒄𝒄𝒄𝒄𝒔𝒔𝟑𝟑 𝜽𝜽𝒅𝒅𝒅𝒅 

                                                        = �𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    ⇒     𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 
                                                        = ∫𝒖𝒖𝟐𝟐 𝒅𝒅𝒅𝒅 = 𝟏𝟏

𝟑𝟑
𝒖𝒖𝟑𝟑 + 𝑪𝑪  

                                                                             = 𝟏𝟏
𝟑𝟑
𝒔𝒔𝒔𝒔𝒏𝒏𝟑𝟑 𝜽𝜽 + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙   

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

= 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙  

𝒄𝒄𝒄𝒄𝒕𝒕𝟐𝟐 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

∫𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙𝒅𝒅𝒅𝒅 = −𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 + 𝑪𝑪  

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙  

𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

  

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙   

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

2



 
 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽, we use the following right triangle: 

 
𝒙𝒙𝟐𝟐 = 𝟏𝟏𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝒙𝒙𝟐𝟐 − 𝟏𝟏   

   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

=
�𝒙𝒙𝟐𝟐−𝟏𝟏

𝒙𝒙
   

 

𝑺𝑺 = 𝟏𝟏
𝟑𝟑
𝒔𝒔𝒔𝒔𝒏𝒏𝟑𝟑 𝜽𝜽 + 𝑪𝑪 = 𝟏𝟏

𝟑𝟑
�
�𝒙𝒙𝟐𝟐−𝟏𝟏

𝒙𝒙
�
𝟑𝟑

+ 𝑪𝑪 = �𝒙𝒙𝟐𝟐−𝟏𝟏�
𝟑𝟑
𝟐𝟐

𝟑𝟑𝒙𝒙𝟑𝟑
+ 𝑪𝑪   

 
2. 𝑻𝑻 = ∫ 𝟏𝟏

�𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐−𝟒𝟒
𝒅𝒅𝒅𝒅 

𝑻𝑻 = �
𝟏𝟏

�𝟐𝟐𝟐𝟐�𝒙𝒙𝟐𝟐 − 𝟒𝟒
𝟐𝟐𝟐𝟐�

𝒅𝒅𝒅𝒅 =
𝟏𝟏
𝟓𝟓
�

𝟏𝟏

�𝒙𝒙𝟐𝟐 − 𝟒𝟒
𝟐𝟐𝟐𝟐

𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟐𝟐
𝟓𝟓
𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟐𝟐

𝟓𝟓
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 

�𝒙𝒙𝟐𝟐 − 𝟒𝟒
𝟐𝟐𝟐𝟐

= � 𝟒𝟒
𝟐𝟐𝟐𝟐
𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟒𝟒

𝟐𝟐𝟐𝟐
= � 𝟒𝟒

𝟐𝟐𝟐𝟐
(𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏) = � 𝟒𝟒

𝟐𝟐𝟐𝟐
𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 = 𝟐𝟐

𝟓𝟓
𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽  

𝑻𝑻 =
𝟏𝟏
𝟓𝟓
�

𝟏𝟏
𝟐𝟐
𝟓𝟓 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽

∙
𝟐𝟐
𝟓𝟓
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟓𝟓
�𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒅𝒅𝒅𝒅 

                                                              = 𝟏𝟏
𝟓𝟓
𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  

 
 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 and 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽, we use the following right triangle: 

(𝟓𝟓𝟓𝟓)𝟐𝟐 = 𝟐𝟐𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐 − 𝟒𝟒   
   𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 = 𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
= 𝟓𝟓𝟓𝟓

𝟐𝟐
   

   𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

=
�𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐−𝟒𝟒

𝟐𝟐
   

 

𝑻𝑻 = 𝟏𝟏
𝟓𝟓
𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪 = 𝟏𝟏

𝟓𝟓
𝒍𝒍𝒍𝒍 �𝟓𝟓𝟓𝟓

𝟐𝟐
+

�𝟐𝟐𝟐𝟐𝒙𝒙𝟐𝟐−𝟒𝟒
𝟐𝟐

� + 𝑪𝑪  

 
 
 

(3) If 𝒇𝒇 contains √𝒙𝒙𝟐𝟐 + 𝒂𝒂𝟐𝟐: 
Set 𝒙𝒙 = 𝒂𝒂 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽     ⇒     𝒅𝒅𝒅𝒅 = 𝒂𝒂 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅  
This substitution works because:  
�𝒙𝒙𝟐𝟐 + 𝒂𝒂𝟐𝟐 = �𝒂𝒂𝟐𝟐 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝒂𝒂𝟐𝟐 = �𝒂𝒂𝟐𝟐(𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏) = �𝒂𝒂𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝒂𝒂 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 
 
 
 
 
 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙   

𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 + 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙| + 𝑪𝑪  

3



 
 Example:  

1. 𝑳𝑳 = ∫ 𝟏𝟏

𝒙𝒙𝟐𝟐�𝒙𝒙𝟐𝟐+𝟒𝟒
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒙𝒙𝟐𝟐 + 𝟒𝟒 = √𝟒𝟒 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟒𝟒 = �𝟒𝟒(𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏) = √𝟒𝟒 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    

𝑳𝑳 = �
𝟏𝟏

𝟒𝟒 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 ∙ 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
∙ 𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟒𝟒
�

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 

                                                                        =
𝟏𝟏
𝟒𝟒
�𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 ∙ 𝒄𝒄𝒄𝒄𝒕𝒕𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                                                                        =
𝟏𝟏
𝟒𝟒
�

𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽

∙
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 

                                                                        =
𝟏𝟏
𝟒𝟒
�

𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    ⇒     𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

                                                                        =
𝟏𝟏
𝟒𝟒
�
𝟏𝟏
𝒖𝒖𝟐𝟐

𝒅𝒅𝒅𝒅 = −
𝟏𝟏
𝟒𝟒𝟒𝟒

+ 𝑪𝑪 

                                                                                           = − 𝟏𝟏
𝟒𝟒𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

+ 𝑪𝑪  

                                                                                           = −𝟏𝟏
𝟒𝟒
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝑪𝑪  

 
 To find 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽, we use the following right triangle: 

 
𝒗𝒗𝟐𝟐 = 𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟐𝟐    ⇒     𝒗𝒗 = √𝒙𝒙𝟐𝟐 + 𝟒𝟒   

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

=
�𝒙𝒙𝟐𝟐+𝟒𝟒

𝒙𝒙
   

 

𝑺𝑺 = −𝟏𝟏
𝟒𝟒
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝑪𝑪 = −𝟏𝟏

𝟒𝟒
�
�𝒙𝒙𝟐𝟐+𝟒𝟒

𝒙𝒙
� = −

�𝒙𝒙𝟐𝟐+𝟒𝟒
𝟒𝟒𝟒𝟒

  

 
 
 

(4) If 𝒇𝒇 contains √𝒂𝒂𝒙𝒙𝟐𝟐 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄: 
To apply trigonometric substitution, we have to cancel the term 𝒃𝒃𝒃𝒃 by completing the square. 

𝒂𝒂𝒙𝒙𝟐𝟐 + 𝒃𝒃𝒃𝒃 + 𝒄𝒄 = 𝒂𝒂�𝒙𝒙𝟐𝟐 + 𝒃𝒃
𝒂𝒂
𝒙𝒙 + 𝒄𝒄

𝒂𝒂
�  

                           = 𝒂𝒂 ��𝒙𝒙 + 𝒃𝒃
𝟐𝟐𝟐𝟐
�
𝟐𝟐
− 𝒃𝒃𝟐𝟐

𝟒𝟒𝒂𝒂𝟐𝟐
+ 𝒄𝒄

𝒂𝒂
�  

                           = 𝒂𝒂 ��𝒙𝒙 + 𝒃𝒃
𝟐𝟐𝟐𝟐
�
𝟐𝟐

+ −𝒃𝒃𝟐𝟐−𝟒𝟒𝟒𝟒𝟒𝟒
𝟒𝟒𝒂𝒂𝟐𝟐

�  

 
 
 
 
 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙

= 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙
𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙

  

𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 = 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

  

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙

  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙   

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

4



 
 Example:  

1. 𝑸𝑸 = ∫ 𝟏𝟏
�𝒙𝒙𝟐𝟐+𝟐𝟐𝟐𝟐+𝟓𝟓

𝒅𝒅𝒅𝒅 

�𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 + 𝟓𝟓 = �𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 + 𝟏𝟏 − 𝟏𝟏 + 𝟓𝟓 = �(𝒙𝒙 + 𝟏𝟏)𝟐𝟐 + 𝟒𝟒 
Let 𝒖𝒖 = 𝒙𝒙 + 𝟏𝟏   ⇒     𝒅𝒅𝒅𝒅 = 𝒅𝒅𝒅𝒅 

𝑸𝑸 = �
𝟏𝟏

√𝒙𝒙𝟐𝟐 + 𝟐𝟐𝟐𝟐 + 𝟓𝟓
𝒅𝒅𝒅𝒅 = �

𝟏𝟏
√𝒖𝒖𝟐𝟐 + 𝟒𝟒

𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒖𝒖𝟐𝟐 + 𝟒𝟒 = √𝟒𝟒 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟒𝟒 = �𝟒𝟒(𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏) = √𝟒𝟒𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    

𝑸𝑸 = �
𝟏𝟏

𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
∙ 𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 = �𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒅𝒅𝒅𝒅 

                                               = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  
 
 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 and 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽, we use the following right triangle: 

𝒗𝒗𝟐𝟐 = 𝒖𝒖𝟐𝟐 + 𝟒𝟒𝟐𝟐    ⇒     𝒗𝒗 = √𝒖𝒖𝟐𝟐 + 𝟒𝟒   

   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

=
�𝒖𝒖𝟐𝟐+𝟒𝟒

𝟐𝟐
   

   𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

= 𝒖𝒖
𝟐𝟐
     

 

𝑸𝑸 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪 = 𝒍𝒍𝒍𝒍 �
�𝒖𝒖𝟐𝟐+𝟒𝟒

𝟐𝟐
+ 𝒖𝒖

𝟐𝟐
� + 𝑪𝑪    

                                                    = 𝒍𝒍𝒍𝒍 ��(𝒙𝒙+𝟏𝟏)𝟐𝟐+𝟒𝟒
𝟐𝟐

+ 𝒙𝒙+𝟏𝟏
𝟐𝟐
� + 𝑪𝑪    

                                                    = 𝒍𝒍𝒍𝒍 �
�𝒙𝒙𝟐𝟐+𝟐𝟐𝟐𝟐+𝟓𝟓

𝟐𝟐
+ 𝒙𝒙+𝟏𝟏

𝟐𝟐
� + 𝑪𝑪    

 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒙𝒙𝒏𝒏) = 𝒏𝒏𝒙𝒙𝒏𝒏−𝟏𝟏    

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 + 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙| + 𝑪𝑪  
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7.3 – Trigonometric Substitutions – Exercises  
 Evaluate the indefinite integral. 

1. 𝑳𝑳 = ∫
�𝟏𝟏−𝒙𝒙𝟐𝟐�

𝟓𝟓
𝟐𝟐

𝒙𝒙𝟖𝟖
𝒅𝒅𝒅𝒅 

𝑳𝑳 = �
�√𝟏𝟏 − 𝒙𝒙𝟐𝟐�

𝟓𝟓

𝒙𝒙𝟖𝟖
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝟏𝟏 − 𝒙𝒙𝟐𝟐 = √𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = √𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽  

𝑳𝑳 = �
𝒄𝒄𝒄𝒄𝒔𝒔𝟓𝟓 𝜽𝜽
𝒔𝒔𝒔𝒔𝒏𝒏𝟖𝟖 𝜽𝜽

∙ 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽𝒅𝒅𝒅𝒅 = �
𝒄𝒄𝒄𝒄𝒔𝒔𝟔𝟔 𝜽𝜽
𝒔𝒔𝒔𝒔𝒏𝒏𝟖𝟖 𝜽𝜽

𝒅𝒅𝒅𝒅 

                                              = �
𝒄𝒄𝒄𝒄𝒔𝒔𝟔𝟔 𝜽𝜽
𝒔𝒔𝒔𝒔𝒏𝒏𝟔𝟔 𝜽𝜽

∙
𝟏𝟏

𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒅𝒅𝒅𝒅 

                                              = �𝒄𝒄𝒄𝒄𝒕𝒕𝟔𝟔 𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = −𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                                              = −�𝒖𝒖𝟔𝟔 𝒅𝒅𝒅𝒅 = −
𝟏𝟏
𝟕𝟕
𝒖𝒖𝟕𝟕 + 𝑪𝑪 = −

𝟏𝟏
𝟕𝟕
𝒄𝒄𝒄𝒄𝒕𝒕𝟕𝟕 𝜽𝜽 + 𝑪𝑪 

 To find 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽, we use the following right triangle: 
 
𝟏𝟏𝟐𝟐 = 𝒙𝒙𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝟏𝟏 − 𝒙𝒙𝟐𝟐   

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

=
�𝟏𝟏−𝒙𝒙𝟐𝟐

𝒙𝒙
  

 

⟹  𝑳𝑳 = −𝟏𝟏
𝟕𝟕
𝒄𝒄𝒄𝒄𝒕𝒕𝟕𝟕 𝜽𝜽 + 𝑪𝑪 = −𝟏𝟏

𝟕𝟕
�
�𝟏𝟏−𝒙𝒙𝟐𝟐

𝒙𝒙
�
𝟕𝟕

+ 𝑪𝑪 = −𝟏𝟏
𝟕𝟕

 �𝟏𝟏−𝒙𝒙
𝟐𝟐�
𝟕𝟕
𝟐𝟐

𝒙𝒙𝟕𝟕
+ 𝑪𝑪  

 
2. 𝑴𝑴 = ∫ 𝟏𝟏

𝒙𝒙𝟐𝟐�𝒙𝒙𝟐𝟐−𝟏𝟏𝟏𝟏
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏 = √𝟏𝟏𝟏𝟏 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏𝟏𝟏 = �𝟏𝟏𝟏𝟏(𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏) = √𝟏𝟏𝟏𝟏 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 = 𝟒𝟒 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽  

𝑴𝑴 = �
𝟏𝟏

𝟏𝟏𝟏𝟏𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 ∙ 𝟒𝟒 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽
∙ 𝟒𝟒 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 

     =
𝟏𝟏
𝟏𝟏𝟏𝟏

�
𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟏𝟏𝟏𝟏

�𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽𝒅𝒅𝒅𝒅 =
𝟏𝟏
𝟏𝟏𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝑪𝑪 

 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽, we use the following right triangle: 
 
𝒙𝒙𝟐𝟐 = 𝟒𝟒𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏   

   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

=
�𝒙𝒙𝟐𝟐−𝟏𝟏𝟏𝟏

𝒙𝒙
  

 

⟹  𝑴𝑴 = 𝟏𝟏
𝟏𝟏𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝑪𝑪 = 𝟏𝟏

𝟏𝟏𝟏𝟏
 
�𝒙𝒙𝟐𝟐−𝟏𝟏𝟏𝟏

𝒙𝒙
+ 𝑪𝑪  

 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙) = −𝒄𝒄𝒄𝒄𝒄𝒄𝟐𝟐 𝒙𝒙  

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙  

𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

  

∫𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 + 𝑪𝑪  
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3. 𝑰𝑰 = ∫ 𝒙𝒙𝟐𝟐

�𝟑𝟑+𝟒𝟒𝟒𝟒−𝟒𝟒𝒙𝒙𝟐𝟐�
𝟑𝟑
𝟐𝟐
𝒅𝒅𝒅𝒅 

𝟑𝟑 + 𝟒𝟒𝟒𝟒 − 𝟒𝟒𝒙𝒙𝟐𝟐 = −𝟒𝟒�𝒙𝒙𝟐𝟐 − 𝒙𝒙 − 𝟑𝟑
𝟒𝟒
�  

                            = −𝟒𝟒�𝒙𝒙𝟐𝟐 − 𝒙𝒙 + 𝟏𝟏
𝟒𝟒
− 𝟏𝟏

𝟒𝟒
− 𝟑𝟑

𝟒𝟒
� = −𝟒𝟒 ��𝒙𝒙 − 𝟏𝟏

𝟐𝟐
�
𝟐𝟐
− 𝟏𝟏� = 𝟒𝟒 �𝟏𝟏 − �𝒙𝒙 − 𝟏𝟏

𝟐𝟐
�
𝟐𝟐
�   

𝑰𝑰 = �
𝒙𝒙𝟐𝟐

�√𝟑𝟑 + 𝟒𝟒𝟒𝟒 − 𝟒𝟒𝒙𝒙𝟐𝟐�
𝟑𝟑 𝒅𝒅𝒅𝒅 = �

𝒙𝒙𝟐𝟐

��𝟒𝟒[𝟏𝟏 − (𝒙𝒙 − 𝟏𝟏/𝟐𝟐)𝟐𝟐]�
𝟑𝟑 𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟖𝟖
�

𝒙𝒙𝟐𝟐

��𝟏𝟏 − (𝒙𝒙 − 𝟏𝟏/𝟐𝟐)𝟐𝟐�
𝟑𝟑 𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 − 𝟏𝟏
𝟐𝟐

= 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

�𝟏𝟏 − (𝒙𝒙 − 𝟏𝟏/𝟐𝟐)𝟐𝟐 = √𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = √𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽    

𝑰𝑰 =
𝟏𝟏
𝟖𝟖
�

(𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝟏𝟏/𝟐𝟐)𝟐𝟐

𝒄𝒄𝒄𝒄𝒔𝒔𝟑𝟑 𝜽𝜽
∙ 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽𝒅𝒅𝒅𝒅 

   =
𝟏𝟏
𝟖𝟖
�
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝟏𝟏/𝟒𝟒

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝒅𝒅𝒅𝒅 

   =
𝟏𝟏
𝟖𝟖
�
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

+
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

+
𝟏𝟏

𝟒𝟒 𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝒅𝒅𝒅𝒅 

   =
𝟏𝟏
𝟖𝟖
�𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 +

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

+
𝟏𝟏
𝟒𝟒
𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

   =
𝟏𝟏
𝟖𝟖
�𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏 +

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

+
𝟏𝟏
𝟒𝟒
𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

   =
𝟏𝟏
𝟖𝟖
�
𝟓𝟓
𝟒𝟒
𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏 +

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 

   =
𝟏𝟏
𝟖𝟖
∙
𝟓𝟓
𝟒𝟒
�𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 −

𝟏𝟏
𝟖𝟖
�𝒅𝒅𝒅𝒅 +

𝟏𝟏
𝟖𝟖
�

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽    ⇒     𝒅𝒅𝒅𝒅 = −𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒅𝒅𝒅𝒅 
   = 𝟓𝟓

𝟑𝟑𝟑𝟑 ∫ 𝒔𝒔𝒔𝒔𝒄𝒄
𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 − ∫𝒅𝒅𝒅𝒅 − ∫ 𝟏𝟏

𝒖𝒖𝟐𝟐
𝒅𝒅𝒅𝒅 = 𝟓𝟓

𝟑𝟑𝟑𝟑
𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 − 𝟏𝟏

𝟖𝟖
𝜽𝜽 + 𝟏𝟏

𝟖𝟖𝟖𝟖
+ 𝑪𝑪  

                                                = 𝟓𝟓
𝟑𝟑𝟑𝟑
𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 − 𝟏𝟏

𝟖𝟖
𝜽𝜽 + 𝟏𝟏

𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽
+ 𝑪𝑪  

 𝒙𝒙 − 𝟏𝟏
𝟐𝟐

= 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    ⇒     𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙 − 𝟏𝟏
𝟐𝟐
� 

 To find 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽 and 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽, we use the following right triangle: 

𝟏𝟏𝟐𝟐 = �𝒙𝒙 − 𝟏𝟏
𝟐𝟐
�
𝟐𝟐

+ 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = �𝟏𝟏 − (𝒙𝒙 − 𝟏𝟏/𝟐𝟐)𝟐𝟐   

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

= �𝟏𝟏 − (𝒙𝒙 − 𝟏𝟏/𝟐𝟐)𝟐𝟐     

   𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐𝒐
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

= 𝒙𝒙−𝟏𝟏/𝟐𝟐
�𝟏𝟏−(𝒙𝒙−𝟏𝟏/𝟐𝟐)𝟐𝟐

  

 
 

⟹  𝑰𝑰 = 𝟓𝟓
𝟑𝟑𝟑𝟑
𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 − 𝟏𝟏

𝟖𝟖
𝜽𝜽 + 𝟏𝟏

𝟖𝟖 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽
+ 𝑪𝑪  

    = 𝟓𝟓
𝟑𝟑𝟑𝟑

𝒙𝒙−𝟏𝟏/𝟐𝟐
�𝟏𝟏−(𝒙𝒙−𝟏𝟏/𝟐𝟐)𝟐𝟐

− 𝟏𝟏
𝟖𝟖
𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙 − 𝟏𝟏

𝟐𝟐
� + 𝟏𝟏

𝟖𝟖�𝟏𝟏−�𝒙𝒙−𝟏𝟏𝟐𝟐�
𝟐𝟐 + 𝑪𝑪 

 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙   

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙   

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙   

𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 = 𝟏𝟏
𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

   

𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

  

𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

∫𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙 + 𝑪𝑪  
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4. 𝑱𝑱 = ∫
�𝟏𝟏−(𝒍𝒍𝒍𝒍𝒙𝒙)𝟐𝟐

𝒙𝒙 𝒍𝒍𝒍𝒍𝒙𝒙
𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒍𝒍𝒍𝒍 𝒙𝒙    ⇒     𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒙𝒙
𝒅𝒅𝒅𝒅   ⇒    𝒅𝒅𝒅𝒅 = 𝒙𝒙 𝒅𝒅𝒅𝒅 

𝑱𝑱 = �
√𝟏𝟏 − 𝒖𝒖𝟐𝟐

𝒙𝒙 ∙ 𝒖𝒖
∙ 𝒙𝒙𝒅𝒅𝒅𝒅 = �

√𝟏𝟏 − 𝒖𝒖𝟐𝟐

𝒖𝒖
𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝟏𝟏 − 𝒖𝒖𝟐𝟐 = √𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = √𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽  

𝑱𝑱 = �
𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

∙ 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 = �
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

𝒅𝒅𝒅𝒅 

                       = �
𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

𝒅𝒅𝒅𝒅 

                       = �
𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
−
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

𝒅𝒅𝒅𝒅 

                       = �𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒅𝒅𝒅𝒅 

                       = 𝒍𝒍𝒍𝒍|𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽| + 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝑪𝑪 
 To find 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 , 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 and 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽, we use the following right triangle: 

𝟏𝟏𝟐𝟐 = 𝒖𝒖𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝟏𝟏 − 𝒖𝒖𝟐𝟐   

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

=
�𝟏𝟏−𝒖𝒖𝟐𝟐

𝒖𝒖
  

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

= √𝟏𝟏 − 𝒖𝒖𝟐𝟐  

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

= 𝟏𝟏
𝒖𝒖
  

 

⟹  𝑱𝑱 = 𝒍𝒍𝒍𝒍|𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 − 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽| + 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 + 𝑪𝑪 = 𝒍𝒍𝒍𝒍 �𝟏𝟏
𝒖𝒖
−

�𝟏𝟏−𝒖𝒖𝟐𝟐

𝒖𝒖
�+ √𝟏𝟏 − 𝒖𝒖𝟐𝟐 + 𝑪𝑪  

                                                                  = 𝒍𝒍𝒍𝒍 � 𝟏𝟏
𝒍𝒍𝒍𝒍𝒙𝒙

− �𝟏𝟏−(𝒍𝒍𝒍𝒍𝒙𝒙)𝟐𝟐

𝒍𝒍𝒍𝒍𝒙𝒙
� + �𝟏𝟏 − (𝒍𝒍𝒍𝒍𝒙𝒙)𝟐𝟐 + 𝑪𝑪  

 

5. 𝑷𝑷 = ∫� 𝒙𝒙
𝟏𝟏−𝒙𝒙𝟑𝟑

𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒙𝒙
𝟑𝟑
𝟐𝟐    ⇒     𝒅𝒅𝒅𝒅 = 𝟑𝟑

𝟐𝟐
𝒙𝒙
𝟏𝟏
𝟐𝟐𝒅𝒅𝒅𝒅   ⇒    𝒅𝒅𝒅𝒅 = 𝟐𝟐

𝟑𝟑√𝒙𝒙
 𝒅𝒅𝒅𝒅 

𝑷𝑷 = �
√𝒙𝒙

√𝟏𝟏 − 𝒙𝒙𝟑𝟑
𝒅𝒅𝒅𝒅 = �

√𝒙𝒙
�𝟏𝟏 − (𝒖𝒖𝟐𝟐/𝟑𝟑)𝟑𝟑

∙
𝟐𝟐
𝟑𝟑√𝒙𝒙

𝒅𝒅𝒅𝒅 

                                     =
𝟐𝟐
𝟑𝟑
�

𝟏𝟏
√𝟏𝟏 − 𝒖𝒖𝟐𝟐

𝒅𝒅𝒅𝒅 

                                     = 𝟐𝟐
𝟑𝟑
𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 𝒖𝒖 + 𝑪𝑪  

                                     = 𝟐𝟐
𝟑𝟑
𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙

𝟑𝟑
𝟐𝟐� + 𝑪𝑪  

                                     = 𝟐𝟐
𝟑𝟑
𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏�√𝒙𝒙𝟑𝟑� + 𝑪𝑪  

 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒍𝒍𝒍𝒍𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙

  

∫𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 − 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙| + 𝑪𝑪  

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = −𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒙𝒙𝒏𝒏) = 𝒏𝒏𝒙𝒙𝒏𝒏−𝟏𝟏  

∫ 𝟏𝟏
�𝟏𝟏−𝒙𝒙𝟐𝟐

𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 𝒙𝒙 + 𝑪𝑪  
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6. 𝒁𝒁 = ∫
�𝒙𝒙𝟐𝟐−𝟏𝟏
𝒙𝒙𝟒𝟒

𝒅𝒅𝒅𝒅 
Set 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒙𝒙𝟐𝟐 − 𝟏𝟏 = √𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏 = √𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽  

𝒁𝒁 = �
𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽
𝒔𝒔𝒔𝒔𝒄𝒄𝟒𝟒 𝜽𝜽

∙ 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 

    = �
𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒄𝒄𝟑𝟑 𝜽𝜽

𝒅𝒅𝒅𝒅 = �
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

∙ 𝒄𝒄𝒄𝒄𝒔𝒔𝟑𝟑 𝜽𝜽𝒅𝒅𝒅𝒅 

             = �𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

             = �𝒖𝒖𝟐𝟐 𝒅𝒅𝒅𝒅 =
𝟏𝟏
𝟑𝟑
𝒖𝒖𝟑𝟑 + 𝑪𝑪 =

𝟏𝟏
𝟑𝟑
𝒔𝒔𝒔𝒔𝒏𝒏𝟑𝟑 𝜽𝜽 + 𝑪𝑪 

 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽, we use the following right triangle: 
 
𝒙𝒙𝟐𝟐 = 𝟏𝟏𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝒙𝒙𝟐𝟐 − 𝟏𝟏   

   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

=
�𝒙𝒙𝟐𝟐−𝟏𝟏

𝒙𝒙
  

 

⟹  𝒁𝒁 = 𝟏𝟏
𝟑𝟑
𝒔𝒔𝒔𝒔𝒏𝒏𝟑𝟑 𝜽𝜽 + 𝑪𝑪 = 𝟏𝟏

𝟑𝟑
�
�𝒙𝒙𝟐𝟐−𝟏𝟏

𝒙𝒙
�
𝟑𝟑

+ 𝑪𝑪 = 𝟏𝟏
𝟑𝟑

 
��𝒙𝒙𝟐𝟐−𝟏𝟏�

𝟑𝟑

𝒙𝒙𝟑𝟑
+ 𝑪𝑪 = �𝒙𝒙𝟐𝟐−𝟏𝟏�

𝟑𝟑
𝟐𝟐

𝟑𝟑𝒙𝒙𝟑𝟑
+ 𝑪𝑪  

 

7. 𝑾𝑾 = ∫
�𝒙𝒙𝟐𝟐−𝟗𝟗
𝒙𝒙𝟑𝟑

𝒅𝒅𝒅𝒅 
Set 𝒙𝒙 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒙𝒙𝟐𝟐 − 𝟗𝟗 = √𝟗𝟗𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟗𝟗 = �𝟗𝟗(𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 − 𝟏𝟏) = √𝟗𝟗 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 = 𝟑𝟑 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽  

𝑾𝑾 = �
𝟑𝟑𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽
𝟐𝟐𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟑𝟑 𝜽𝜽

∙ 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽𝒅𝒅𝒅𝒅 

      =
𝟗𝟗
𝟐𝟐𝟐𝟐

�
𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽
𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽

𝒅𝒅𝒅𝒅 =
𝟏𝟏
𝟑𝟑
�
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽

∙ 𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                    =
𝟏𝟏
𝟔𝟔
�𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟔𝟔
�𝜽𝜽 −

𝟏𝟏
𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐)� + 𝑪𝑪 

           =
𝟏𝟏
𝟔𝟔

[𝜽𝜽 − 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽] + 𝑪𝑪 

 𝒙𝒙 = 𝟑𝟑 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    ⇒    𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝒙𝒙
𝟑𝟑

    ⇒     𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙
𝟑𝟑
� 

 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 and 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽, we use the following right triangle: 
𝒙𝒙𝟐𝟐 = 𝟑𝟑𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝒙𝒙𝟐𝟐 − 𝟗𝟗   

   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

=
�𝒙𝒙𝟐𝟐−𝟗𝟗

𝒙𝒙
  

   𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

= 𝟑𝟑
𝒙𝒙
  

 

⟹  𝑾𝑾 = 𝟏𝟏
𝟔𝟔

[𝜽𝜽 − 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝐜𝐜𝐜𝐜𝐜𝐜 𝜽𝜽] + 𝑪𝑪 = 𝟏𝟏
𝟔𝟔
�𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 �𝒙𝒙

𝟑𝟑
� −

�𝒙𝒙𝟐𝟐−𝟗𝟗
𝒙𝒙

∙ 𝟑𝟑
𝒙𝒙
� + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙  

𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

  

𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙   

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙  

𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 − 𝟏𝟏 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

  

𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙
𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

  

𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 = 𝟏𝟏−𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝟐𝟐

   

∫𝒄𝒄𝒄𝒄𝒄𝒄(𝒄𝒄𝒄𝒄)𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒄𝒄
𝒔𝒔𝒔𝒔𝒔𝒔(𝒄𝒄𝒄𝒄) + 𝑪𝑪  

𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐) = 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  
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8. 𝑲𝑲 = ∫ 𝟏𝟏

�𝟒𝟒+𝒙𝒙𝟐𝟐
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟐𝟐 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒙𝒙𝟐𝟐 + 𝟒𝟒 = √𝟒𝟒 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟒𝟒 = �𝟒𝟒(𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏) = √𝟒𝟒 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽    

𝑲𝑲 = �
𝟏𝟏

𝟐𝟐 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
∙ 𝟐𝟐 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 = �𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒅𝒅𝒅𝒅 

                                = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  
 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 and 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽, we use the following right triangle: 

𝒗𝒗𝟐𝟐 = 𝒙𝒙𝟐𝟐 + 𝟒𝟒𝟐𝟐    ⇒     𝒗𝒗 = √𝒙𝒙𝟐𝟐 + 𝟒𝟒   

   𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 = 𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

=
�𝒙𝒙𝟐𝟐+𝟒𝟒

𝟐𝟐
   

   𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

= 𝒙𝒙
𝟐𝟐
   

 

⟹  𝑲𝑲 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪 = 𝒍𝒍𝒍𝒍 �
�𝒙𝒙𝟐𝟐+𝟒𝟒

𝟐𝟐
+ 𝒙𝒙

𝟐𝟐
� + 𝑪𝑪   

 
9. 𝑺𝑺 = ∫𝒙𝒙√𝟏𝟏 − 𝒙𝒙𝟒𝟒 𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒙𝒙𝟐𝟐    ⇒     𝒅𝒅𝒅𝒅 = 𝟐𝟐𝟐𝟐 𝒅𝒅𝒅𝒅   ⇒    𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝟐𝟐𝟐𝟐

 𝒅𝒅𝒅𝒅 

𝑺𝑺 = �𝒙𝒙�𝟏𝟏 − 𝒖𝒖𝟐𝟐 ∙
𝟏𝟏
𝟐𝟐𝟐𝟐

𝒅𝒅𝒅𝒅 =
𝟏𝟏
𝟐𝟐
��𝟏𝟏 − 𝒖𝒖𝟐𝟐 𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝟏𝟏 − 𝒖𝒖𝟐𝟐 = √𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = √𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽  

𝑺𝑺 =
𝟏𝟏
𝟐𝟐
�𝒄𝒄𝒄𝒄𝒔𝒔𝜽𝜽 ∙ 𝒄𝒄𝒄𝒄𝒔𝒔 𝜽𝜽𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟐𝟐
�𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

                                         =
𝟏𝟏
𝟒𝟒
�𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝜽𝜽)𝒅𝒅𝒅𝒅 

                                         = 𝟏𝟏
𝟒𝟒
�𝜽𝜽 + 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝜽𝜽)� + 𝑪𝑪  

                                         = 𝟏𝟏
𝟒𝟒

[𝜽𝜽 + 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽] + 𝑪𝑪  

 𝒖𝒖 = 𝒔𝒔𝒊𝒊𝒊𝒊𝜽𝜽    ⇒    𝒔𝒔𝒊𝒊𝒊𝒊𝜽𝜽 = 𝒖𝒖
𝟏𝟏

    ⇒     𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏(𝒖𝒖) 
 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 , 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽, we use the following right triangle: 

𝟏𝟏𝟐𝟐 = 𝒖𝒖𝟐𝟐 + 𝒗𝒗𝟐𝟐    ⇒     𝒗𝒗 = √𝟏𝟏 − 𝒖𝒖𝟐𝟐   
   𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶

𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯
= √𝟏𝟏 − 𝒖𝒖𝟐𝟐  

   𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽 = 𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

= 𝒖𝒖  

 
 

⟹  𝑺𝑺 = 𝟏𝟏
𝟒𝟒

[𝜽𝜽 + 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽] + 𝑪𝑪 = 𝟏𝟏
𝟒𝟒
�𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏 𝒖𝒖 + √𝟏𝟏 − 𝒖𝒖𝟐𝟐 ∙ 𝒖𝒖� + 𝑪𝑪  

                                        = 𝟏𝟏
𝟒𝟒
�𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏(𝒙𝒙𝟐𝟐) + 𝒙𝒙𝟐𝟐√𝟏𝟏 − 𝒙𝒙𝟒𝟒� + 𝑪𝑪  

 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒙𝒙𝒏𝒏) = 𝒏𝒏𝒙𝒙𝒏𝒏−𝟏𝟏  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏+𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝟐𝟐

   

∫𝒄𝒄𝒄𝒄𝒄𝒄(𝒄𝒄𝒄𝒄)𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒄𝒄
𝒔𝒔𝒔𝒔𝒔𝒔(𝒄𝒄𝒄𝒄) + 𝑪𝑪  

𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐) = 𝟐𝟐𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 
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10. 𝑨𝑨 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙

�𝟏𝟏+𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙
𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝒅𝒅𝒅𝒅 

𝑨𝑨 = �
𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙

√𝟏𝟏 + 𝒖𝒖𝟐𝟐
∙ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒙𝒙𝒅𝒅𝒅𝒅 = �

𝟏𝟏
√𝟏𝟏 + 𝒖𝒖𝟐𝟐

𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 
√𝒖𝒖𝟐𝟐 + 𝟏𝟏 = √𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏 = √𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽    

𝑨𝑨 = �
𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
∙ 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 = �𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽𝒅𝒅𝒅𝒅 

                         = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  
 

 To find 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 and 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽, we use the following right triangle: 
𝒗𝒗𝟐𝟐 = 𝒖𝒖𝟐𝟐 + 𝟏𝟏𝟐𝟐    ⇒     𝒗𝒗 = √𝒖𝒖𝟐𝟐 + 𝟏𝟏   
   𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽 = 𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯𝑯

𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨
= √𝒖𝒖𝟐𝟐 + 𝟏𝟏   

   𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶𝑶
𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨𝑨

= 𝒖𝒖   

 
⟹  𝑨𝑨 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪 = 𝒍𝒍𝒍𝒍�√𝒖𝒖𝟐𝟐 + 𝟏𝟏 + 𝒖𝒖� + 𝑪𝑪 = 𝒍𝒍𝒍𝒍�√𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏 + 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽� + 𝑪𝑪     
 

 Evaluate the definite integral. 

11. 𝑵𝑵 = ∫ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒕𝒕
�𝟏𝟏+𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒕𝒕

𝝅𝝅
𝟐𝟐
𝟎𝟎 𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝒕𝒕      ⇒      𝒅𝒅𝒅𝒅 = 𝒄𝒄𝒄𝒄𝒄𝒄 𝒕𝒕 𝒅𝒅𝒅𝒅 
When 𝒕𝒕 = 𝟎𝟎   ⇒    𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔(𝟎𝟎) = 𝟎𝟎 

      𝒕𝒕 = 𝝅𝝅
𝟐𝟐

   ⇒    𝒖𝒖 = 𝒔𝒔𝒔𝒔𝒔𝒔 �𝝅𝝅
𝟐𝟐
� = 𝟏𝟏  

𝑵𝑵 = �
𝒄𝒄𝒄𝒄𝒄𝒄 𝒕𝒕

√𝟏𝟏 + 𝒖𝒖𝟐𝟐
∙ 𝒄𝒄𝒄𝒄𝒄𝒄 𝒕𝒕

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 = �

𝟏𝟏
√𝟏𝟏 + 𝒖𝒖𝟐𝟐

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 
When 𝒖𝒖 = 𝟎𝟎   ⇒    𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝟎𝟎   ⇒    𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏(𝟎𝟎) = 𝟎𝟎 

      𝒖𝒖 = 𝟏𝟏   ⇒    𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝟏𝟏   ⇒    𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏(𝟏𝟏) = 𝝅𝝅
𝟒𝟒
  

√𝒖𝒖𝟐𝟐 + 𝟏𝟏 = √𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏 = √𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽    

𝑵𝑵 = �
𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
∙ 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽

𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 = � 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 

                           = [𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽|]𝟎𝟎
𝝅𝝅
𝟒𝟒   

                           = 𝒍𝒍𝒍𝒍 �𝒔𝒔𝒔𝒔𝒔𝒔 �𝝅𝝅
𝟒𝟒
� + 𝒕𝒕𝒕𝒕𝒕𝒕 �𝝅𝝅

𝟒𝟒
�� − 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔(𝟎𝟎) + 𝒕𝒕𝒕𝒕𝒕𝒕(𝟎𝟎)|  

                           = 𝒍𝒍𝒍𝒍�√𝟐𝟐 + 𝟏𝟏� − 𝒍𝒍𝒍𝒍|𝟏𝟏 + 𝟎𝟎|  
                           = 𝒍𝒍𝒍𝒍�√𝟐𝟐 + 𝟏𝟏� − 𝒍𝒍𝒍𝒍(𝟏𝟏) = 𝒍𝒍𝒍𝒍�√𝟐𝟐 + 𝟏𝟏�  
 
 
 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  
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12. 𝑶𝑶 = ∫ √𝒙𝒙 − 𝒙𝒙𝟐𝟐𝟏𝟏

𝟎𝟎 𝒅𝒅𝒅𝒅 

𝒙𝒙 − 𝒙𝒙𝟐𝟐 = −(𝒙𝒙𝟐𝟐 − 𝒙𝒙) = − �𝒙𝒙𝟐𝟐 − 𝒙𝒙 + 𝟏𝟏
𝟒𝟒
− 𝟏𝟏

𝟒𝟒
� = −��𝒙𝒙 − 𝟏𝟏

𝟐𝟐
�
𝟐𝟐
− 𝟏𝟏

𝟒𝟒
�  

      = 𝟏𝟏
𝟒𝟒
− �𝒙𝒙 − 𝟏𝟏

𝟐𝟐
�
𝟐𝟐
  

Set 𝒙𝒙 − 𝟏𝟏
𝟐𝟐

= 𝟏𝟏
𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟏𝟏

𝟐𝟐
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

When 𝒙𝒙 = 𝟎𝟎   ⇒    𝟎𝟎 − 𝟏𝟏
𝟐𝟐

= 𝟏𝟏
𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽)   ⇒  𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽) = −𝟏𝟏 ⇒    𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏(−𝟏𝟏) = −𝝅𝝅

𝟐𝟐
   

      𝒙𝒙 = 𝟏𝟏   ⇒    𝟏𝟏 − 𝟏𝟏
𝟐𝟐

= 𝟏𝟏
𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽)   ⇒  𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽) = 𝟏𝟏   ⇒    𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏(𝟏𝟏) = 𝝅𝝅

𝟐𝟐
  

�𝟏𝟏
𝟒𝟒
− �𝒙𝒙 − 𝟏𝟏

𝟐𝟐
�
𝟐𝟐

= �𝟏𝟏
𝟒𝟒
− 𝟏𝟏

𝟒𝟒
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = �𝟏𝟏

𝟒𝟒
(𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽) = �𝟏𝟏

𝟒𝟒
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝟏𝟏

𝟐𝟐
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽  

 

𝑶𝑶 = �
𝟏𝟏
𝟐𝟐
𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽 ∙

𝟏𝟏
𝟐𝟐
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽

𝝅𝝅
𝟐𝟐

−𝝅𝝅𝟐𝟐

𝒅𝒅𝒅𝒅 =
𝟏𝟏
𝟒𝟒
� 𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝝅𝝅
𝟐𝟐

−𝝅𝝅𝟐𝟐

𝒅𝒅𝒅𝒅 

                                                       =
𝟏𝟏
𝟒𝟒
∙
𝟏𝟏
𝟐𝟐
� 𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝝅𝝅
𝟐𝟐

−𝝅𝝅𝟐𝟐

𝒅𝒅𝒅𝒅 

                                                       = 𝟏𝟏
𝟖𝟖
�𝜽𝜽 + 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐)�

−𝝅𝝅𝟐𝟐

𝝅𝝅
𝟐𝟐   

                                                       = 𝟏𝟏
𝟖𝟖
��𝝅𝝅

𝟐𝟐
+ 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝝅𝝅)� − �−𝝅𝝅

𝟐𝟐
+ 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(−𝝅𝝅)��  

                                                       = 𝟏𝟏
𝟖𝟖
��𝝅𝝅

𝟐𝟐
+ 𝟎𝟎� − �−𝝅𝝅

𝟐𝟐
+ 𝟎𝟎�� = 𝟏𝟏

𝟖𝟖
�𝟐𝟐𝟐𝟐
𝟐𝟐
� = 𝝅𝝅

𝟖𝟖
  

 

13. 𝑸𝑸 = ∫ 𝒆𝒆𝒕𝒕

�𝟏𝟏+𝒆𝒆𝟐𝟐𝟐𝟐�
𝟑𝟑
𝟐𝟐

𝒍𝒍𝒍𝒍�𝟒𝟒𝟑𝟑�

𝒍𝒍𝒍𝒍�𝟑𝟑𝟒𝟒�
𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒆𝒆𝒕𝒕      ⇒      𝒅𝒅𝒅𝒅 = 𝒆𝒆𝒕𝒕𝒅𝒅𝒅𝒅 

When 𝒕𝒕 = 𝒍𝒍𝒍𝒍 �𝟑𝟑
𝟒𝟒
�    ⇒    𝒖𝒖 = 𝒆𝒆𝒍𝒍𝒍𝒍�

𝟑𝟑
𝟒𝟒� = 𝟑𝟑

𝟒𝟒
 

      𝒕𝒕 = 𝒍𝒍𝒍𝒍 �𝟒𝟒
𝟑𝟑
�    ⇒    𝒖𝒖 = 𝒆𝒆𝒍𝒍𝒍𝒍�

𝟒𝟒
𝟑𝟑� = 𝟒𝟒

𝟑𝟑
  

𝑸𝑸 = �
𝒆𝒆𝒕𝒕

(𝟏𝟏 + 𝒖𝒖𝟐𝟐)
𝟑𝟑
𝟐𝟐
∙
𝟏𝟏
𝒆𝒆𝒕𝒕

𝟒𝟒
𝟑𝟑

𝟑𝟑
𝟒𝟒

𝒅𝒅𝒅𝒅 = �
𝟏𝟏

�√𝟏𝟏 + 𝒖𝒖𝟐𝟐�
𝟑𝟑

𝟒𝟒
𝟑𝟑

𝟑𝟑
𝟒𝟒

𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 

When 𝒖𝒖 = 𝟑𝟑
𝟒𝟒

   ⇒    𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝟑𝟑
𝟒𝟒

   ⇒    𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏 �𝟑𝟑
𝟒𝟒
� 

      𝒖𝒖 = 𝟒𝟒
𝟑𝟑

   ⇒    𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝟒𝟒
𝟑𝟑

   ⇒    𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏 �𝟒𝟒
𝟑𝟑
�  

√𝒖𝒖𝟐𝟐 + 𝟏𝟏 = √𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏 = √𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽    

𝑸𝑸 = �
𝟏𝟏

𝒔𝒔𝒔𝒔𝒄𝒄𝟑𝟑 𝜽𝜽
∙ 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟒𝟒𝟑𝟑�

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟑𝟑𝟒𝟒�
𝒅𝒅𝒅𝒅 = �

𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟒𝟒𝟑𝟑�

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟑𝟑𝟒𝟒�
𝒅𝒅𝒅𝒅 = � 𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟒𝟒𝟑𝟑�

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟑𝟑𝟒𝟒�
𝒅𝒅𝜽𝜽 

                                                   = [𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽]
𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟑𝟑𝟒𝟒�

𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏�𝟒𝟒𝟑𝟑� =
𝟏𝟏
𝟓𝟓

 

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏+𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝟐𝟐

  

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

∫𝒄𝒄𝒄𝒄𝒄𝒄(𝒄𝒄𝒄𝒄)𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒄𝒄
𝒔𝒔𝒔𝒔𝒔𝒔(𝒄𝒄𝒄𝒄) + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒔𝒔𝒔𝒔 𝒙𝒙

  

∫𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙 + 𝑪𝑪  
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14. 𝑻𝑻 = ∫ 𝟏𝟏

𝒚𝒚�𝟏𝟏+(𝒍𝒍𝒍𝒍𝒚𝒚)𝟐𝟐
𝒆𝒆
𝟏𝟏 𝒅𝒅𝒅𝒅 

Let 𝒖𝒖 = 𝒍𝒍𝒍𝒍 𝒚𝒚      ⇒      𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒚𝒚

 𝒅𝒅𝒅𝒅 

When 𝒕𝒕 = 𝟏𝟏   ⇒    𝒖𝒖 = 𝒍𝒍𝒍𝒍(𝟏𝟏) = 𝟎𝟎 
      𝒕𝒕 = 𝒆𝒆   ⇒    𝒖𝒖 = 𝒍𝒍𝒍𝒍(𝒆𝒆) = 𝟏𝟏  

𝑻𝑻 = �
𝟏𝟏

𝒚𝒚√𝟏𝟏 + 𝒖𝒖𝟐𝟐
∙ 𝒚𝒚

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 = �

𝟏𝟏
√𝟏𝟏 + 𝒖𝒖𝟐𝟐

𝟏𝟏

𝟎𝟎
𝒅𝒅𝒅𝒅 

Set 𝒖𝒖 = 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽𝒅𝒅𝒅𝒅 
When 𝒖𝒖 = 𝟎𝟎   ⇒    𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝟎𝟎   ⇒    𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏(𝟎𝟎) = 𝟎𝟎 

      𝒖𝒖 = 𝟏𝟏   ⇒    𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽 = 𝟏𝟏   ⇒    𝜽𝜽 = 𝒕𝒕𝒕𝒕𝒕𝒕−𝟏𝟏(𝟏𝟏) = 𝝅𝝅
𝟒𝟒
   

√𝒖𝒖𝟐𝟐 + 𝟏𝟏 = √𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝜽𝜽 + 𝟏𝟏 = √𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔 𝜽𝜽    

𝑻𝑻 = �
𝟏𝟏

𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽
∙ 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝜽𝜽

𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 = � 𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽

𝝅𝝅
𝟒𝟒

𝟎𝟎
𝒅𝒅𝒅𝒅 

                            = [𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽|]𝟎𝟎
𝝅𝝅
𝟒𝟒   

                            = 𝒍𝒍𝒍𝒍 �𝒔𝒔𝒔𝒔𝒔𝒔 �𝝅𝝅
𝟒𝟒
� + 𝒕𝒕𝒕𝒕𝒕𝒕 �𝝅𝝅

𝟒𝟒
�� − 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔(𝟎𝟎) + 𝒕𝒕𝒕𝒕𝒕𝒕(𝟎𝟎)|  

                            = 𝒍𝒍𝒍𝒍�√𝟐𝟐 + 𝟏𝟏� − 𝒍𝒍𝒍𝒍|𝟏𝟏 + 𝟎𝟎| = 𝒍𝒍𝒍𝒍�√𝟐𝟐 + 𝟏𝟏�   
 

15. 𝑹𝑹 = ∫ √𝟒𝟒 − 𝟗𝟗𝒙𝒙𝟐𝟐
𝟐𝟐
𝟑𝟑
𝟎𝟎 𝒅𝒅𝒅𝒅 

𝑹𝑹 = � �𝟒𝟒 − 𝟗𝟗𝒙𝒙𝟐𝟐
𝟐𝟐
𝟑𝟑

𝟎𝟎
𝒅𝒅𝒅𝒅 = � �𝟗𝟗�𝟒𝟒𝟗𝟗 − 𝒙𝒙𝟐𝟐�

𝟐𝟐
𝟑𝟑

𝟎𝟎
𝒅𝒅𝒅𝒅 = 𝟑𝟑� �𝟒𝟒

𝟗𝟗 − 𝒙𝒙𝟐𝟐
𝟐𝟐
𝟑𝟑

𝟎𝟎
𝒅𝒅𝒅𝒅 

Set 𝒙𝒙 = 𝟐𝟐
𝟑𝟑
𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽      ⇒      𝒅𝒅𝒅𝒅 = 𝟐𝟐

𝟑𝟑
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽𝒅𝒅𝒅𝒅 

When 𝒙𝒙 = 𝟎𝟎   ⇒    𝟎𝟎 = 𝟐𝟐
𝟑𝟑
𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽)   ⇒  𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽) = 𝟎𝟎 ⇒    𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏(𝟎𝟎) = 𝟎𝟎   

      𝒙𝒙 = 𝟐𝟐
𝟑𝟑

   ⇒  𝟐𝟐
𝟑𝟑

= 𝟐𝟐
𝟑𝟑
𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽)   ⇒  𝒔𝒔𝒔𝒔𝒔𝒔(𝜽𝜽) = 𝟏𝟏   ⇒    𝜽𝜽 = 𝒔𝒔𝒔𝒔𝒔𝒔−𝟏𝟏(𝟏𝟏) = 𝝅𝝅

𝟐𝟐
   

�𝟒𝟒
𝟗𝟗
− 𝒙𝒙𝟐𝟐 = �𝟒𝟒

𝟗𝟗
− 𝟒𝟒

𝟗𝟗
𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽 = �𝟒𝟒

𝟗𝟗
(𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝜽𝜽) = �𝟒𝟒

𝟗𝟗
𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽 = 𝟐𝟐

𝟑𝟑
𝒄𝒄𝒄𝒄𝒄𝒄 𝜽𝜽   

𝑹𝑹 = 𝟑𝟑�
𝟐𝟐
𝟑𝟑
𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽 ∙

𝟐𝟐
𝟑𝟑
𝒄𝒄𝒄𝒄𝒄𝒄𝜽𝜽

𝝅𝝅
𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 =

𝟒𝟒
𝟑𝟑
� 𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝜽𝜽
𝝅𝝅
𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 

                                     =
𝟒𝟒
𝟔𝟔
� 𝟏𝟏 + 𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝝅𝝅
𝟐𝟐

𝟎𝟎
𝒅𝒅𝒅𝒅 

                                     = 𝟐𝟐
𝟑𝟑
�𝜽𝜽 + 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝟐𝟐𝟐𝟐)�

𝟎𝟎

𝝅𝝅
𝟐𝟐   

                                     = 𝟐𝟐
𝟑𝟑
��𝝅𝝅

𝟐𝟐
+ 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝝅𝝅)� − �𝟎𝟎 + 𝟏𝟏

𝟐𝟐
𝒔𝒔𝒔𝒔𝒔𝒔(𝟎𝟎)��  

                                     = 𝟐𝟐
𝟑𝟑
��𝝅𝝅

𝟐𝟐
+ 𝟎𝟎� − (𝟎𝟎)� = 𝝅𝝅

𝟑𝟑
  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒍𝒍𝒍𝒍𝒙𝒙) = 𝟏𝟏
𝒙𝒙
   

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒕𝒕𝒕𝒕𝒕𝒕𝒙𝒙) = 𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒔𝒔𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒏𝒏𝟐𝟐 𝒙𝒙 + 𝟏𝟏 

∫𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙𝒅𝒅𝒅𝒅 = 𝒍𝒍𝒍𝒍|𝒔𝒔𝒔𝒔𝒔𝒔𝜽𝜽 + 𝒕𝒕𝒕𝒕𝒕𝒕𝜽𝜽| + 𝑪𝑪  

𝒅𝒅
𝒅𝒅𝒅𝒅

(𝒔𝒔𝒔𝒔𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒄𝒄𝒙𝒙  

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏 − 𝒔𝒔𝒔𝒔𝒏𝒏𝟐𝟐 𝒙𝒙 

𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝟏𝟏+𝒄𝒄𝒄𝒄𝒄𝒄(𝟐𝟐𝟐𝟐)
𝟐𝟐

  

∫𝒙𝒙𝒏𝒏 𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒏𝒏+𝟏𝟏

𝒙𝒙𝒏𝒏+𝟏𝟏 + 𝑪𝑪  

∫𝒄𝒄𝒄𝒄𝒄𝒄(𝒄𝒄𝒄𝒄)𝒅𝒅𝒅𝒅 = 𝟏𝟏
𝒄𝒄
𝒔𝒔𝒔𝒔𝒔𝒔(𝒄𝒄𝒄𝒄) + 𝑪𝑪  
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