1.3 — Thigenemetnic Substitutions

Trigonometric substitution is a technique used to simplify integrals when the integrand involves square roots

(such as finding the area of a circle or ellipse) or rational functions of polynomials. The idea is to make a

substitution using trigonometric identities to simplify the expression.

There are 3 common trigonometric substitutions. In this section, we will discuss these cases and how to evaluate

the integral for each one.

(1) If f contains Va? — x?2:
Setx=asin® = dx=acos0do
This substitution works because:

\/az—x2 =\/az—azsin29=\/a2(1—sin29) =\/a2c0529=ac059

2

» Examples:
X

1. I=fmdx
Setx=3sin0 = dx=3cos0db

V9 —x2=v9 - 95sin20 = /9(1 — sin20) = V9 cos>0 = 3 cos O
; _f(BsinO)2

-3cos0d6 =f9sin20d0

3cosO
=9fsin20d0
1-— 20

9
= Ef 1 —cos(20)do

9 1,
=3 [0 — Esm(ZB)] +C
=§[0—%(25in00059)]+€
=§[0—sin00050]+6
8 x=3sin6 = sinBzg = 9=sin_1(5)

3
& To find sin 0 and cos 0, we use the following right triangle:

32=x24+1%2 > v=v9—x2

3 2 . Opposite X
‘e“\}":e‘ 3 m SLn 0 —_— L —_— -
oy é: Hypotenuse 3
Adjacent 9—x2
)0 s I cos 0 = J =
v Hypotenuse 3

I=2sin" (f) —2(£)< 9_x2) +C=2sin? (g) —%xm+ c

2
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d, . _
- (sinx) = cosx
sinz = 1-cos(2x)
cos’x =1-sin’x
fef(x)dx=c [ f(x)dx
[ cos(cx)dx = %sin(cx) +C

sin(2x) = 2sinxcosx

[amdx =——x"14C
n+1
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Setx =3sin@ = dx=3cos0d0O
V9 —x2 =v9 —95in20 = \/9(1 — sin2 ) = V9 cos20 = 3 cos O

j 3cos0O '3 0do - jcos edO
J= ) Gsingz 3¢ sin2 0

= fcot2 0de

=jcsc20—1d0
=—cot—-0+C

® x=3sinf > sinf== = 0=sin71(£)
3 3

® To find cot 0, we use the following right triangle:

3o f. 3=x+1? > v=V9-x?
ov a
i s Adjacent 9—x2
cotf = — =
\ 0 Adjacent l_ Oppo.S‘lte X
v
9—x2 x
J=- —sml(—)+C
x 3
(2) If f contains Vx2? — a?:

Setx =asec0 = dx=asecOtan6db
This substitution works because:

Va2 — a? =\ a? sec? 0 — a? =\/a2(sec'20—1) =+Ja?tan?0 = atan @

» Examples:
2_
\/x4 ldx
X

Setx =sec0 = dx=secOtan0do

Vx2 —1=+vsec20 —1=+Vtan?0 = tan 6

S_J‘tan@ o0t Bde—ftanzede
") sec* @ secttan ) sec3 @0

sin’? 0
= f 0 cos® 0 do

cos?

=jsin20c050d9
Letu =sin@ = du=cos0do
=fu2du=§u3+6
=§sin30+C
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d, .
E(smx) =cosx

cos’x =1-sin’x

cosx

2% = cotx
sinx
cot’x =csc?x—1

Jesc?xdx = —cotx+C

[amdx =——x"14C
n+1

% (secx) = secxtanx

tan’x = sec’x—1

sinx
tanx =

cosx

1
CoOSX =
secx

d, .
;(smx) =cosx

[xmdx=—"_x"14 ¢
n+1
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® To find sin 6, we use the following right triangle:

212492 > v=vVaz-1

o'&“oge § v
i s . Opposite Vaz-1
sin@ = =
\ 0 Adjacent I_ Hypotenuse x
1
3 ) 3
1 . 1(vVx2-1 x2-1)2
S=zsin®0+C= +C:( 3)+C

3 3 X 3x

1
2. T=fmdx

IJ(— IJ—45

Set x ——secB = dx= Esec@tan@d@

2___2___1 20— 1) = |2 tan2@ =2
\/x —\/ sec? 0 = 25(secG 1)—\/25tan B—Stane

S,ftane Esec@tan@d@ = Sjsecede 4 (secx) = secxtanx

1 tan’x = sec’x—1
= Elnlsec@ + tanB| + C

[ secxdx = In|secx + tanx| + C

@ To find sec 0 and tan 0, we use the following right triangle:

(5x)2=22+v? = wv=+25x2—-4

5 Hypotenuse 5x

o ; secO = - =
\mo“" g: v Adjacent 2
P I— Opposite  /25x2—4
\ Adjacent tan 0 = N =
Adjacent 2

2

5x 25x%2 -4
—+
2 2

+C

T =§ln|sec0+tan0| +C =§ln

(3) If f contains Vx?2 + a?:
Setx=atan® = dx=asec20do
This substitution works because:

Jx2 +a% = a?tan20 + a? = Jaz(tan? 6+ 1) = JaZsec?0 = asec®

& www.olearninga.com olearninga () 66939059




» Example:

1. L=[—2

x2\x2+4 dx
Setx=2tan® = dx=2sec?0d6

VaZ+4=V4tan?0 + 4 = /4(tan? 0 + 1) = V4 sec? 8 = 2secO

L—f ! 2 Zedo—lfsecede
) 4tan?0 -2 secH sec 4 ) tan?6 -~ (tanx) = sec?x
1 74 2
Z—J-SBCB'COtZBdG sec’x =tan*x +1
4
1 1 cos’6 cotx ==
=— . do
4J-cosl9 sin% 0 secx=——
1J‘ cos 0 46 ,
= — cscx = —
4 ) sin%@ sinx
Letu=sin® = du=cos0do %(sinx) =cosx
—lfldu—_i_FC [xvdx=——x"14C
T 4) ur 4u .
_ 1
B 4sin@
= —%csc@ +C

@ To find csc 0, we use the following right triangle:

Vs g, VV=x"+4" > v=Vx®+4
o a
L 5 cscO = Hypotenuse _ \x2+4
) 0 Adjacent I_ Opposite x

2

1
§=—,c5¢0+C =— "

1(@)2 _xZ+a

(4) If f contains Vax? + bx + c:

To apply trigonometric substitution, we have to cancel the term bx by completing the square.

ax2+bx+c=a(x2+§x+£)
b\2 B2 ¢
—“[(”z) —mﬁ]

2 g2
=a [(x + i) + b 4ac]
2a

4q2
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» Example:

1
L=t
VX2 4+2x+5=/x2+2x+1-1+5=/(x+1)2+4
Letu=x+1 = du=dx

1 1
Q:f—dxzf—du
Vaxz+2x+5 Vu? + 4

Setu=2tan® = du=2sec’0do
VuZz +4=V4tan?0 + 4 = \/4(tan? 0 + 1) = V4 sec? 0 = 2 secO

1
sz -Zseczedezfsecede
2secO

i ny — n—1
dx(x) nx

= In|sec@ + tan 0| + C

da _ 2
= (tanx) = sec*x

@ To find sec 0 and tan 0, we use the following right triangle: sec’x =tan’x +1
¢ = u? + 42 = v =+ u? + 4 [ secxdx = In|secx + tanx| + C
v 2
c'ce“\f’z gy secO = Hypo.tenuse _ Juz+4
wi® = Adjacent 2
Opposite u
)9 Adjacent I_ tan0 = L =z
9 Adjacent 2
Ju2+4 u
Q =In|secO +tanB|+ C =In —— t3+C
x+1)2+4  x+1
P Niczsnaz Ies B
2 2
Vx2+2x+5 | x+1
=lIn — S + TN +C
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7.3 — Tigenemelnic Substitulions — Exencises

+» Evaluate the indefinite integral.

5
—x2)2
1. L=f(1x—’;)2dx

— .5
L:J-(lx;sxz)dx

Setx =sin@ = dx=cos0db %(sinx) =cosx
V1 —x2 =1 —5sin20 =cos? 0 = cos 0 cos’x = 1—sin®x
5 6
cos’ 0 cos®° 0 d 2
L= -cos0do = dé ;(L'Otx) = —csc?x
fsinSB fsinBB

cos® 0 1 [ardx = ——x"1 4 C
= | oo o
=J-cot60c‘sc‘29d0

Letu=cot®0 = du=—csc?0do
=—fu6du=—;u7+C=—;cot70+C

& To find cot 0, we use the following right triangle:

1

12=x24+v2 > v=+V1-—x2

o %
& gL
# = Adjacent 1-x2
cotf = — =
) o Adjacent l_ Opposite X
v
1 1 (V1-x2 7 1 (1 2)%
—x x
:}L:——C0t70+C:——( )_l_C:__ - +C
7 7 x - X
2. M=[———dx
x2/x2-16

Setx =4sec = dx=4secOtan0db

Va2 —16 = V16sec20 — 16 = \/16(sec20 — 1) = V16 tan? 0 = 4 tan

1

M = -4 Otan0do
f16 sec’20-4tan@ secttan
1 1

~16) sech 6 = 16
€ To find sin 6, we use the following right triangle:

% (secx) = secxtanx

1
cos0do =Esm0+C

tan’x = sec’x — 1

1
cosx =—
secx
m‘e“,,st ‘%i » x2=4%24+9p2 = pv=+Vx2-16 [cosxdx = sinx+ C
)
o s sinf = Opposite  Jx2-16
\ 0 Adjacent I_ Hypotenuse x
4
1, 1 Vx2-16
= M =—sinf+C=— +C
16 16 X
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x2

3. 1= sdx

(3+4x-4x2)2

3+4x—4x2=—4(x2—x__)

x2 x2 1 x2
sz 3dxzf 3dx=§f de
(V3 + 4x — 4x7) (VA - G- 1/297) (Vi—@-1/2)7)
Setx—%zsin@ = dx=cos0do

J1—(x—1/2)2 =1 —5in?0 = Vcos?0 = cos 0
1 ((sin6 + 1/2)?

I= . 0de
8 cos3 0 cos
1 (sin®>0 +sinf + 1/4 Ao
= —f dée a(smx) =cosx
8 cos? 0
B 1J‘ sin’ 0 N sin@ N 1 46 < (cosx) = sinx
" 8) cos20  cos’0 4cos?0 cos?x =1 —sin®x
1 sin @ 1 a
= gf tan2 0 + Cosz 0 + ZSECZ 0 de secx:cosx
1f 291400 L2ga0 o
=— | sec” 0 — —sec
8 cos’0 4 tan’>x = sec’x —1
1[5 sin @ .
=§fzsec20—1+ >—do [xmdx=—x"*14C
cos
15 ) 1 1 sin@ [sec?xdx =tanx+C
=§-stec 0d0—§jd0+§j00520d0

Letu=cos® = du=-sin0de@
_5 2 _ (L 5 _1 1
—32fsec 0do— [de fuzdu—sztane 80+8u+C

1

8cos 6 +C

5 1
=3 tan @ — P 0+
@ x—1=s5ing > 0= sin_l(x—l)
2 2
8 To find cos 0 and tan 6, we use the following right triangle:

12=(x—%)2+v2 > v=,1-(x—1/2)2

1 2 £ Adjacent
o 8, 1 cosO=—1—""= [1—(x—1/2)2
‘\\;?° g 2 Hypotenuse
opposite x-1/2
I_ tan @ = =
)8 Adjacent Adjacent  \/1—(x—1/2)2
v
5 1 1
= I =—tan0 — -0 C
32 8 T 8cos0 T
5 x—1/2 1 ., _ 1 1
=212 ——sml(x——)+—+C
32 /1-(x-1/2)2 8 2 12
8J1-(x-3)
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V1-(lnx)?

xilnx

4. J=[—
Letu=Inx = duzidx = dx=xdu

V1 —u? V1 — u?

J= f xdu = f—
u

du = cos0do

V1—u?2 =+v1—sin20 =+cos? 0 = cos 0

_fcose
J= sin@

du

Setu = smB =

cos’ 0

deo

cosedezf -
sin

1—sin?0
L [rse
sin@

=— | ———du
3fv1—u2

=§sin‘1u+C

_2 a2

=3 sin (x2)+C
2 ., _

=3 sin 1(\/?)+C
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d
—(lnx) ==
dx
d, .
—(sinx) = cosx
dx
cos’x =1-sin’>x
CSCX = ——
sinx

[ escxdx = In|cscx — cotx| + C

1 sin’ 0 [sinxdx =—cosx+C
= - de
J-sine sin @
= fcsce —sin6do
= In|csc @ — cotB| + cos 0 + C
® To find cot 0, cos 0 and csc 6, we use the following right triangle:
12=u?+v*? = v=vV1-u?
i —u2
1 g g cot O = Ad]ace.nt _ Vvi-u
e“,)‘.» a U Opposite u
\»;on ét COSBZM— 1 — u?
Hypotenuse
__ Hypotenuse l
\9 ol |— cscl = Opposite T u
[
= J =In|cscO — cotB| + cos@ +C =In |———| +V1—u2+C
G 1-(Inx)2+C
Inx Inx
X
5. P= f mdx
3 3 1 2
Letu=x2 = du=z-x2dx = dx=-—du
2 3Vx
Vx Vx 2
V1 — x3 1 - (u2/3)3 3\/; %(xn) = nx*-1
2 1

f%dx =sinlx+C
—-X
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Vaz-1
= —dx
X

Setx =sec®@ = dx=secOtan6dO
Va2 —1=+sec20 —1=+Vtan?0 = tan 0

tan0 .
Z = secOtan 0 do d—(secx) = secxtanx
sec* 0 x
tan® 0 sin%* 0 tan’x = sec?x—1
3
= = -cos®> 0do
J- sec3 0 J- cos? 0 cosx = -
= J- sin%? 0 cos 0 dO tanx = w':i
Letu = sin@ = du = cos0do %(sinx) =cosx
) 1 3 1 5 )
=|u du=§u +C=§sm 6+C [xrdx=—x""1+C

® To find sin 6, we use the following right triangle:

T % . x2=124+v? = v=vVa2-1
W s sin = Opposite  _ Jxz-1
)¢ Adjacant I_ Hypotenuse x
1
1 1 (1) 1 ( x2—1)3 (x2—1)%
=>Z=—sin30+C=—< ) +C=- ——+C=
3 3 X 3 X
Jx2—
7. = 2 dx
X
Setx=3secld = dx=3secOtanbdb
—9=vV9sec20 —9 =./9(sec’0 — 1) =V9tan®>0 = 3 tan 9
W = 3tand -3secOtan6do ﬁ(secx) - seextanx
27 27 sec® 0
0 1 n? 0 tan®>x = sec’x—1
tan? sin
———dO = - - cos*0do =2
~27) sec 6 3 _[ cos? 0 COST = Seex
1 1 1 tanx = sinx
=—|1-cos(20)dO =— [0 —=sin(20)|+C e
6 6 2 .2 1-cos(2x)
1 sin® x = T
=—[0 —sinB cos O] + C -
6 [ cos(cx) dx = :sm(cx) +C
$ x=3secd = secO= g = 0 =sec! (;—C) sin(2x) = 2 sinx cos x
& To find sin 0 and cos 0, we use the following right triangle: fandx = Lant 4
x2=32492 = v=+Vx2-9
m‘eﬂ,sz ‘%i v sin@ — Opposite _ Vx2-9
o 5 Hypotenuse x
W e D cos § = Adacent 3
3 Hypotenuse x
[ 22 _
=>W=%[0—sin0c050]+6' %[secl(f)— xxg-;]+6
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1
dx
+x2

8. K=/—

Setx =2tanf = dx=2sec’0do
VaZ+4=V4tan?0 + 4 = /4(tan? O + 1) = V4 sec? 0 = 2secO

1
K=J- -25ec20d0=jsec0d0
2sec@

= In|sec@ + tan 0| + C
@ To find sec 0 and tan 0, we use the following right triangle:

2 =x2442 > v=Vx2+14

v 2 [+2
O‘G“\pe iz sec = Hypotenuse _ x“+4
¥ & Adjacent 2
I— Opposite X
)0 Adjacent tan 0 = L = -
9 Adjacent 2
Vxi+4 | x
= K =lIn|secO +tan@|+ C =In — 15 +C

9. §=[xvV1l—x*dx

letu=x* = du=2xdx = dxzz—lxdu

1 1
Szfx\/l—uz-ﬂduz—f 1—u?2du

2
Setu=sin®@ = du=cos0do

V1—u?2 =+v1—sin20 =+cos? 0 = cos 0

1 1
Szifcose-cosede=§J-c0520d0

1
=Zj1+cos(20)d0
1 1,
=2 [e + Esm(za)] +C
=i[0+sin00050]+€
& u=sin6 = sin9=§ = 0 =sin"1(uw)

® To find sin 0, cos 0, we use the following right triangle:

12=u2+v2 = v=+V1-u?

1 £ . Opposite
o 8, sin=—P2 —\1—u2?
ye° é: Hypotenuse
Adjacent
L . | cos@ = T — gy
[ Hypotenuse
v

= S=i[0+sin0cos@]+€ =i[sin_1u+\/1—u2-u]+€
= i[sin‘l(xz) +x2V1—xt +C

(©) olearninga

d
—(tanx) = sec®x
dx

sec’x =tan’x+1

[ secxdx = In|sec8 + tan | + C

d . ny _ n-1
= (x™) = nx

d, .
E(smx) =cosx

cos’x =1-sin’x

1+cos(2x)
2

cos’x =
[ cos(cx) dx = %sin(cx) +C

sin(2x) = 2sinxcosx
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cosx
10.A = fmdx

Letu =sinx = du= cosxdx

cos X
A= cosxdu—f
Vitu? \/1+u2

Setu=tan® = du=sec*0do
Vuz +1=+Vtan?0 +1 = Vsec? 0 = sec

1
Azf -sec20d0=fsec0d0
secO
= In|sec@ + tan 0| + C

@ To find sec 0 and tan 0, we use the following right triangle:

vP=u?2+1%? = v=+vVu’+1

v 2 Hypotenuse
o i, sec=T"TTC0_ i
o é,: Adjacent
Opposite
tan@ = —— =
\ o Adjacent I Adjacent

1

d, .
- (sinx) = cosx
d 2
— (tanx) = sec*x
dx

sec’x =tan*x+1

[ secxdx = In|sec@ + tan 6| + C

= A =In|secO + tanB| + C =ln|\/u2+1+u|+C=ln|\/sin20+1+sin0|+C

+» Evaluate the definite integral.

cost
L e

Letu =sint = du=costdt

Whent=0 = u=sin(0)=0
T ; T\ _

t=- = u:sm(z)—l

1

cost
N = costdu—f
o VItu? \/1+u2

Setu=tan® = du=sec’?0do
Whenu=0 = tan0=0 = O=tan 1(0)=0
u=1 = tanf=1 = than’l(l)zg

Vuz +1=+Vtan?0 + 1 = Vsec? 0 = sec
T T

7 1 4
sz -sec20d0=f sec0do
o sec@ 0

= [In|sec @ + tan 0|]
=In |sec( ) + tan( )| In|sec(0) + tan(0)|

= ln|\/i+ 1| —In|1+ 0]

=mn(v2+1)—in(1) = (V2 + 1)

(=]
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d, .
- (sinx) = cosx
4 (tanx) = sec® x

dx

sec’x =tan’*x + 1

[ secxdx = In|sec@ + tan 6| + C
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Setx—%z%sine = dx=%cos€d0
T

Whenx=0 = 0 —%:%sin(e) > sin(@) =-1 = @=sin(-1)=-7

x=1 = 1—%=%sin(0) = sin(@0) =1 = 9=sin_1(1)=§

2
1—(x—l) =\/l—lsin20=\/l(1—sin20)=\/lcos20=lc050
4 2 4 4 4 4 2

4 (sinx) = cosx
s dx

71 1 1 (2
0=fnicose-icosede=ancoszed0 cos®x =1 - sin’x
—_— -5 i coszx= 1+cazs(2x)
112 )
=7 Ef 1+ cos(20) do [xtdx = 2xmt 4 C
z I [ cos(cx) dx:%sin(cx)+(.‘
_ g+l z
=3 _0 + Zsm(ZB)]_g
1[ 1 . 1 .
=3 (g + Esm(n)) - (—g + Esm(—n))]
1[(m ™ 1/2rm ™
=5lG+0)-(-3+0)]=3(5) =5

ln(i) et
13.Q=[ 3 - dt
¢ fln(Z) (1+e2t)2

letu=e! = du=eldt

i X) — pX
dx(e) e

d, .

E(smx) =cosx

da _ 2
= (tanx) = sec*x

wl

et 1 1
szg —:;.;duz‘];3 —3du sec’x =tan’x+ 1
z (1+u?)2 4 (' 1+ uZ) cosx =—

secx

Setu=tan® = du=sec’0d@
When u = 2 = 9 — tan71 (E)
4

[cosxdx = sinx+ C
= tan0 =

u= = tan0 =

Vuz+1=+Vtan?0 + 1 = Vsec? @ = sec8
tanl(3) 4 tan(3) 1 (3)

tan
5 30-se020d0= 5 edezj 5 cos 6do
tan_l(z) sec tan_l(z) sec tan1(5

W B
Wik bW

= 0 =tan! (g)

Q:
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e 1
14.T = f1 —y T dy

Letu=Iny = duzidy

Whent=1 = u=mn(1)=0
t=e = u=In(e)=1

1 1 1 1 i(lnx)zl
T:f —-ydu:f —du dx x
0o yV1+ u? 0o V1+ u?
Setu=tan® = du=sec’0d6
Whenu=0 = tan0=0 = O=tan 1(0)=0

dx =1 6+ tanf|+C
u=1 = tanf=1 > O=tan'(1) == [ secxdx = Inisec® + tan 6|

4
Vul +1=+Vtan?0 + 1 = Vsec? 0 = sec
71 1
Tzf -sec20d0=f secOdo
o SecO 0

da _ 2
= (tanx) = sec*x

sec’x =tan’*x + 1

T

= [In|sec O + tanOl]g
=lIn |sec (E) + tan G)| — In|sec(0) + tan(0)|
=m[V2+1|-In|1+0|=In(vV2+1)

2
15.R = [3V4 — 9x% dx

2 2 2
3 3 3

sz \/4—9x2dx=f /9(g—x2)dx=3f /g—xzdx
0 0 0

Set x =§sin9 = dx =§cos€d0

Whenx=0 = 0= gsin(B) = sin(0) =0 > 0 =sin"1(0)=0

x zg =3 §= gsin(O) = sin(@) =1 = 0 =sin"1(1) =§
\/i—xz=\/é—isin20=\/i(1—sin20)=\/écos20=gcos0
9 9 9 9 9 3
32 2 4 % %(sinx)zcosx
R=3f0 §cos0-§cosed0=§f0 cos’ 0do cos?x — 1 — sin? x
4 g P = 1+cos(2x)
== 1+ 20)d6
6_[0 cos(26) fx"dx=ﬁx"“+€
— [9 + %Sin(ze)]i [ cos(cx) dx = %sin(cx) +C
0

(E + %sin(n)) — (0 + %sin(O))]

2

(Er0)-]-2

WIN WIN WIN

[— p—
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