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4.4 – l’Hospital’s Rule 
Notice that,  

 

1.   𝒇𝒇(𝒙𝒙) = 𝒍𝒍𝒍𝒍(𝒙𝒙) 

    Domain: (𝟎𝟎,∞) 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒍𝒍(𝒙𝒙) = ∞ 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒍𝒍(𝒙𝒙) = −∞ 

 

 
 

2.  𝒇𝒇(𝒙𝒙) = 𝒆𝒆𝒙𝒙 

    Domain: (−∞,∞) 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙 = ∞ 

   𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

𝒆𝒆𝒙𝒙 = 𝟎𝟎 

 

 
 

3.  𝒇𝒇(𝒙𝒙) = 𝒆𝒆−𝒙𝒙 

    Domain: (−∞,∞) 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆−𝒙𝒙 = 𝟎𝟎 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

𝒆𝒆−𝒙𝒙 = ∞ 

 
 

 

 

4. 𝒇𝒇(𝒙𝒙) = 𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙 

    Domain: �𝒙𝒙|𝒙𝒙 ≠ (𝟐𝟐𝒍𝒍+𝟏𝟏)𝝅𝝅 
𝟐𝟐

� 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→±𝝅𝝅

𝟐𝟐
+
𝐭𝐭𝐭𝐭𝐭𝐭𝒙𝒙 = −∞  

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→±𝝅𝝅

𝟐𝟐
− 𝐭𝐭𝐭𝐭𝐭𝐭𝒙𝒙 = ∞ 

 



 

5.  𝒇𝒇(𝒙𝒙) = 𝒕𝒕𝒕𝒕𝒍𝒍−𝟏𝟏 𝒙𝒙 

    Domain: (−∞,∞) 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

 𝒕𝒕𝒕𝒕𝒍𝒍−𝟏𝟏 𝒙𝒙 = 𝝅𝝅
𝟐𝟐
 

    𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

𝒕𝒕𝒕𝒕𝒍𝒍−𝟏𝟏 𝒙𝒙 = −𝝅𝝅
𝟐𝟐
 

 

 

 

Sometimes it is difficult to evaluate a limit because of indeterminate forms. 

In this section, we will discuss these forms and how to evaluate the limit for each one. 

(1) Indeterminate Forms (Types  𝟎𝟎
𝟎𝟎
 , ∞
∞

): 

If  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

 is  𝟎𝟎
𝟎𝟎
 or  ∞

∞
 , where  𝒕𝒕 can be a real number or ∞, then we can apply  

l’Hospital’s Rule. 

 L’Hospital’s Rule: 

If we have an indeterminate form of type  𝟎𝟎
𝟎𝟎
 or  ∞

∞
, then  𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝒕𝒕

𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒇𝒇′(𝒙𝒙)
𝒈𝒈′(𝒙𝒙)

 . 
 
 

 Examples: 

1. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙
𝒙𝒙

  ⇒  Type  𝟎𝟎
𝟎𝟎
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
𝟏𝟏

= 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) = 𝟏𝟏  
 

2. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒙𝒙𝟐𝟐−𝟐𝟐𝒙𝒙+𝟏𝟏
𝒙𝒙𝟐𝟐−𝟏𝟏

  ⇒  Type  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟐𝟐𝒙𝒙−𝟐𝟐
𝟐𝟐𝒙𝒙

= 𝟐𝟐(𝟏𝟏)−𝟐𝟐
𝟐𝟐(𝟏𝟏)

= 𝟎𝟎
𝟐𝟐

= 𝟎𝟎  
 

3. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝒙𝒙𝟐𝟐
  ⇒  Type  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝟐𝟐𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝟐𝟐
= 𝒆𝒆∞

𝟐𝟐
= ∞

𝟐𝟐
= ∞  

 
“Notice that we can apply l’Hospital’s Rule 
 more than once until we get an answer” 
 

4. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−

𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙
𝟏𝟏+𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙

  ⇒  Type  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−
𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙 𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙
𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−
𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙
𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−
𝒔𝒔𝒍𝒍𝒍𝒍 𝒙𝒙
𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙

∙ 𝒄𝒄𝒄𝒄𝒔𝒔 𝒙𝒙  

                                  = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
− 𝒔𝒔𝒍𝒍𝒍𝒍 𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒍𝒍 �𝝅𝝅

𝟐𝟐
� = 𝟏𝟏  

 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄) = 𝟎𝟎 , 𝒄𝒄 is constant  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄) = 𝟎𝟎 , 𝒄𝒄 is constant  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙 𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒍𝒍 𝒙𝒙
𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙

 , 𝟏𝟏
𝒔𝒔𝒆𝒆𝒄𝒄 𝒙𝒙

= 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙 



 

5. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆−𝒙𝒙

𝝅𝝅 𝟐𝟐⁄ −𝒕𝒕𝒕𝒕𝒍𝒍−𝟏𝟏 𝒙𝒙
  ⇒  Type  𝟎𝟎

𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

−𝒆𝒆−𝒙𝒙
−𝟏𝟏
𝟏𝟏+𝒙𝒙𝟐𝟐

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏+𝒙𝒙𝟐𝟐

𝒆𝒆𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞

𝟐𝟐𝒙𝒙
𝒆𝒆𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐
𝒆𝒆𝒙𝒙

= 𝟐𝟐
∞

= 𝟎𝟎  

 

6. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒍𝒍𝒍𝒍𝒙𝒙)𝟐𝟐

𝒙𝒙
  ⇒  Type  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐𝒍𝒍𝒍𝒍𝒙𝒙 ∙ 𝟏𝟏𝒙𝒙
𝟏𝟏

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐𝒍𝒍𝒍𝒍𝒙𝒙
𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐 ∙ 𝟏𝟏𝒙𝒙
𝟏𝟏

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐
𝒙𝒙

= 𝟐𝟐
∞

= 𝟎𝟎  
 
 

7. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙−𝒆𝒆−𝒙𝒙

𝟐𝟐 𝒔𝒔𝒍𝒍𝒍𝒍(𝟐𝟐𝒙𝒙)
   ⇒  Type  𝟎𝟎

𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙+𝒆𝒆−𝒙𝒙

𝟒𝟒 𝒄𝒄𝒄𝒄𝒔𝒔(𝟐𝟐𝒙𝒙) = 𝒆𝒆𝟎𝟎+𝒆𝒆𝟎𝟎

𝟒𝟒 𝒄𝒄𝒄𝒄𝒔𝒔(𝟐𝟐(𝟎𝟎)) = 𝟏𝟏+𝟏𝟏
𝟒𝟒(𝟏𝟏)

= 𝟐𝟐
𝟒𝟒

= 𝟏𝟏
𝟐𝟐
  

 

8. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟐𝟐

√𝒙𝒙+𝟐𝟐−𝟐𝟐
𝒙𝒙𝟐𝟐−𝟒𝟒

  ⇒  Type  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟐𝟐

𝟏𝟏 𝟐𝟐√𝒙𝒙+𝟐𝟐⁄
𝟐𝟐𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟐𝟐

𝟏𝟏
𝟒𝟒𝒙𝒙√𝒙𝒙+𝟐𝟐

= 𝟏𝟏
𝟒𝟒(𝟐𝟐)√𝟐𝟐+𝟐𝟐

= 𝟏𝟏
𝟏𝟏𝟏𝟏

   
 
 

9. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒙𝒙 ∙ 𝟑𝟑𝒙𝒙

𝟑𝟑𝒙𝒙−𝟏𝟏
  ⇒  Type  𝟎𝟎

𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟑𝟑𝒙𝒙+𝒙𝒙 ∙ 𝟑𝟑𝒙𝒙∙ 𝒍𝒍𝒍𝒍(𝟑𝟑)
 𝟑𝟑𝒙𝒙∙ 𝒍𝒍𝒍𝒍(𝟑𝟑) = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎

𝟑𝟑𝒙𝒙(𝟏𝟏+𝒙𝒙 𝒍𝒍𝒍𝒍(𝟑𝟑))
 𝟑𝟑𝒙𝒙∙ 𝒍𝒍𝒍𝒍(𝟑𝟑) = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎

𝟏𝟏+𝒙𝒙 𝒍𝒍𝒍𝒍(𝟑𝟑)
𝒍𝒍𝒍𝒍(𝟑𝟑) = 𝟏𝟏

𝒍𝒍𝒍𝒍(𝟑𝟑)  
 
 
 

(2) Indeterminate Products (Type  𝟎𝟎 ∙ ∞): 

If  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒇𝒇(𝒙𝒙) ∙ 𝒈𝒈(𝒙𝒙) is  𝟎𝟎 ∙ ∞ , then write 𝒇𝒇(𝒙𝒙) ∙ 𝒈𝒈(𝒙𝒙) in the form  𝒇𝒇(𝒙𝒙)
𝟏𝟏

𝒈𝒈(𝒙𝒙)
 or 𝒈𝒈(𝒙𝒙)

𝟏𝟏
𝒇𝒇(𝒙𝒙)

 to get  𝟎𝟎
𝟎𝟎
 or ∞

∞
 and apply 

l’Hospital’s Rule. 
 
 

 Examples:  

1. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒙𝒙𝟐𝟐 𝒍𝒍𝒍𝒍𝒙𝒙  ⇒  Type  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒍𝒍𝒙𝒙
𝒙𝒙−𝟐𝟐

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒙𝒙−𝟏𝟏

−𝟐𝟐𝒙𝒙−𝟑𝟑
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝒙𝒙𝟑𝟑

−𝟐𝟐𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝒙𝒙𝟐𝟐

−𝟐𝟐
= 𝟎𝟎

−𝟐𝟐
= 𝟎𝟎  

 
 
 

2. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
− 𝒕𝒕𝒕𝒕𝒍𝒍𝒙𝒙 𝒍𝒍𝒍𝒍(𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙)  ⇒  Type  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−
𝒍𝒍𝒍𝒍(𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙)
𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−
𝐜𝐜𝐜𝐜𝐜𝐜𝒙𝒙 𝐜𝐜𝐬𝐬𝐭𝐭 𝒙𝒙⁄
− 𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
− −

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙

∙ 𝒔𝒔𝒍𝒍𝒍𝒍𝟐𝟐 𝒙𝒙  

                                     = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
− −𝒄𝒄𝒄𝒄𝒔𝒔 𝒙𝒙 𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙 = 𝟎𝟎  

 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒍𝒍−𝟏𝟏 𝒙𝒙) = 𝟏𝟏
𝟏𝟏+𝒙𝒙𝟐𝟐

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆−𝒙𝒙) = −𝒆𝒆−𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒇𝒇�𝒈𝒈(𝒙𝒙)�� = 𝒇𝒇′�𝒈𝒈(𝒙𝒙)�𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒍𝒍𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒍𝒍𝒇𝒇(𝒙𝒙)) = 𝒇𝒇′(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒔𝒔𝒇𝒇(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒆𝒆𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)𝒆𝒆𝒇𝒇(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙
��𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)

𝟐𝟐𝒇𝒇(𝒙𝒙)
  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  

𝒅𝒅
𝒅𝒅𝒙𝒙

[𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)] = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒃𝒃𝒙𝒙) = 𝒃𝒃𝒙𝒙 ∙ 𝒍𝒍𝒍𝒍𝒃𝒃 , 𝒃𝒃 > 𝟎𝟎  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒍𝒍𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙) = −𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒍𝒍𝒍𝒍�𝒇𝒇(𝒙𝒙)�� = 𝒇𝒇′(𝒙𝒙)

𝒇𝒇(𝒙𝒙)
  



 
3. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
𝒙𝒙𝟑𝟑𝒆𝒆−𝒙𝒙𝟐𝟐  ⇒  Type  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒙𝒙𝟑𝟑

𝒆𝒆𝒙𝒙𝟐𝟐
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞

𝟑𝟑𝒙𝒙𝟐𝟐

𝟐𝟐𝒙𝒙𝒆𝒆𝒙𝒙𝟐𝟐
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞

𝟑𝟑𝒙𝒙
𝟐𝟐𝒆𝒆𝒙𝒙𝟐𝟐

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟑𝟑
𝟒𝟒𝒙𝒙𝒆𝒆𝒙𝒙𝟐𝟐

= 𝟑𝟑
∞

= 𝟎𝟎  

 
 
 

(3) Indeterminate Differences (Type  ∞−∞): 

If  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒇𝒇(𝒙𝒙) − 𝒈𝒈(𝒙𝒙) is  ∞−∞ , then try to change 𝒇𝒇(𝒙𝒙) − 𝒈𝒈(𝒙𝒙) to a product or a quotient to get  𝟎𝟎
𝟎𝟎
 or 

∞
∞

 and apply l’Hospital’s Rule. 

 
 

 Examples:  

1. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

� 𝟏𝟏
𝒆𝒆𝒙𝒙−𝟏𝟏

− 𝟏𝟏
𝒙𝒙
�  ⇒  Type  ∞−∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒙𝒙−𝒆𝒆𝒙𝒙+𝟏𝟏
𝒙𝒙(𝒆𝒆𝒙𝒙−𝟏𝟏) = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝟏𝟏−𝒆𝒆𝒙𝒙

𝒆𝒆𝒙𝒙+𝒙𝒙𝒆𝒆𝒙𝒙−𝟏𝟏
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
−𝒆𝒆𝒙𝒙

𝒆𝒆𝒙𝒙+𝒆𝒆𝒙𝒙+𝒙𝒙𝒆𝒆𝒙𝒙
  

                                     =  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

−𝒆𝒆𝒙𝒙

𝟐𝟐𝒆𝒆𝒙𝒙+𝒙𝒙𝒆𝒆𝒙𝒙
 

                                     = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

−𝒆𝒆𝒙𝒙

𝒆𝒆𝒙𝒙(𝟐𝟐+𝒙𝒙)
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
−𝟏𝟏
𝟐𝟐+𝒙𝒙

= −𝟏𝟏
𝟐𝟐
  

 

2. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

�𝟑𝟑𝒙𝒙+𝟏𝟏
𝒙𝒙

− 𝟏𝟏
𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙

�  ⇒  Type  ∞−∞  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟑𝟑𝒙𝒙+𝟏𝟏) 𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙−𝒙𝒙
𝒙𝒙 𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟑𝟑𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙+(𝟑𝟑𝒙𝒙+𝟏𝟏)𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙−𝟏𝟏
𝒔𝒔𝒍𝒍𝒍𝒍 𝒙𝒙+𝒙𝒙𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙

  

                        = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟑𝟑𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙+𝟑𝟑𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙−(𝟑𝟑𝒙𝒙+𝟏𝟏) 𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙
𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙+𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙−𝒙𝒙𝒔𝒔𝒍𝒍𝒍𝒍 𝒙𝒙

= 𝟏𝟏
𝟐𝟐

= 𝟑𝟑  

 

 

 

(4) Indeterminate Powers (Types  𝟎𝟎𝟎𝟎 ,∞𝟎𝟎,𝟏𝟏∞): 

If  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) is  𝟎𝟎𝟎𝟎 or ∞𝟎𝟎 or 𝟏𝟏∞ , then set  𝒚𝒚 = 𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒍𝒍 𝒇𝒇(𝒙𝒙) and evaluate  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒚𝒚 to 

get  𝟎𝟎 ∙ ∞.  

If  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒚𝒚 = 𝑳𝑳 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒆𝒆𝑳𝑳. 

 
 
 
 
 
 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒆𝒆𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)𝒆𝒆𝒇𝒇(𝒙𝒙)  

�𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)�
′ = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  

𝑨𝑨
𝑩𝑩
− 𝑪𝑪

𝑫𝑫
= 𝑨𝑨𝑫𝑫−𝑩𝑩𝑪𝑪

𝑩𝑩𝑫𝑫
  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙) = −𝒔𝒔𝒍𝒍𝒍𝒍𝒙𝒙  

𝑨𝑨
𝑩𝑩
− 𝑪𝑪

𝑫𝑫
= 𝑨𝑨𝑫𝑫−𝑩𝑩𝑪𝑪

𝑩𝑩𝑫𝑫
  



 
 Examples:  

1. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟏𝟏 + 𝒙𝒙)
𝟏𝟏
𝒙𝒙  ⇒  Type  𝟏𝟏∞ 

Set  𝒚𝒚 = 𝒍𝒍𝒍𝒍(𝟏𝟏 + 𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝟏𝟏

𝒙𝒙
𝒍𝒍𝒍𝒍(𝟏𝟏 + 𝒙𝒙) 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒚𝒚 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟏𝟏
𝒙𝒙
𝒍𝒍𝒍𝒍(𝟏𝟏 + 𝒙𝒙) = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝒍𝒍𝒍𝒍(𝟏𝟏+𝒙𝒙)

𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+

𝟏𝟏
𝟏𝟏+𝒙𝒙
𝟏𝟏

  

                                                 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟏𝟏
𝟏𝟏+𝒙𝒙

= 𝟏𝟏
𝟏𝟏

= 𝟏𝟏   

→  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟏𝟏 + 𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝒆𝒆𝟏𝟏 = 𝒆𝒆  

 
 

2. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

(𝟏𝟏 − 𝒙𝒙)𝒍𝒍𝒍𝒍𝒙𝒙  ⇒  Type  𝟎𝟎𝟎𝟎 

Set  𝒚𝒚 = 𝒍𝒍𝒍𝒍(𝟏𝟏 − 𝒙𝒙)𝒍𝒍𝒍𝒍𝒙𝒙 = 𝒍𝒍𝒍𝒍 𝒙𝒙 𝒍𝒍𝒍𝒍(𝟏𝟏 − 𝒙𝒙) 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

𝒚𝒚 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

(𝒍𝒍𝒍𝒍 𝒙𝒙 𝒍𝒍𝒍𝒍(𝟏𝟏 − 𝒙𝒙)) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

𝒍𝒍𝒍𝒍(𝟏𝟏−𝒙𝒙)
𝟏𝟏
𝒍𝒍𝒍𝒍 𝒙𝒙

  

                                     = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

− 𝟏𝟏
𝟏𝟏−𝒙𝒙
𝟏𝟏

𝒙𝒙(𝒍𝒍𝒍𝒍 𝒙𝒙)𝟐𝟐
  

                                     = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

𝒙𝒙(𝒍𝒍𝒍𝒍𝒙𝒙)𝟐𝟐

𝟏𝟏−𝒙𝒙
 

                                     = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

(𝒍𝒍𝒍𝒍𝒙𝒙)𝟐𝟐+𝟐𝟐 𝒍𝒍𝒍𝒍𝒙𝒙
−𝟏𝟏

= 𝟎𝟎    

→  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏−

(𝟏𝟏 − 𝒙𝒙)𝐥𝐥𝐭𝐭𝒙𝒙 = 𝒆𝒆𝟎𝟎 = 𝟏𝟏 

 

3. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒙𝒙)
𝟏𝟏
𝒙𝒙  ⇒  Type  ∞𝟎𝟎 

Set  𝒚𝒚 = 𝒍𝒍𝒍𝒍(𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝟏𝟏

𝒙𝒙
𝒍𝒍𝒍𝒍𝒙𝒙 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒚𝒚 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝟏𝟏
𝒙𝒙
𝒍𝒍𝒍𝒍𝒙𝒙� = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞

𝒍𝒍𝒍𝒍𝒙𝒙
𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏 𝒙𝒙�
𝟏𝟏

= 𝟎𝟎   

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝒆𝒆𝟎𝟎 = 𝟏𝟏  

𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒍𝒍(𝒇𝒇(𝒙𝒙)) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  

𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]  

�𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)�
′ = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒍𝒍(𝒇𝒇(𝒙𝒙)) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  

𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒍𝒍[𝒇𝒇(𝒙𝒙)]  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒍𝒍(𝒇𝒇(𝒙𝒙)) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒙𝒙𝒍𝒍) = 𝒍𝒍𝒙𝒙𝒍𝒍−𝟏𝟏  



4.4 – l’Hospital’s Rule – Exercises  
 Evaluate the following limits: 

1.  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟑𝟑

𝒙𝒙−𝟑𝟑
𝒙𝒙𝟐𝟐−𝟗𝟗

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟑𝟑

(𝒙𝒙 − 𝟑𝟑) = 𝟑𝟑 − 𝟑𝟑 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟑𝟑

�𝒙𝒙𝟐𝟐 − 𝟗𝟗� = 𝟑𝟑𝟑𝟑 − 𝟗𝟗 = 𝟎𝟎  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟑𝟑

𝟏𝟏
𝟐𝟐𝒙𝒙

= 𝟏𝟏
𝟐𝟐(𝟑𝟑) = 𝟏𝟏

𝟔𝟔
  

 

2. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝟐𝟐𝒙𝒙−𝟏𝟏
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝟐𝟐𝒙𝒙 − 𝟏𝟏 = 𝒆𝒆𝟎𝟎 − 𝟏𝟏 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔 𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟐𝟐𝒆𝒆𝟐𝟐𝒙𝒙

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
= 𝟐𝟐𝒆𝒆𝟎𝟎

𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) = 𝟐𝟐(𝟏𝟏)
𝟏𝟏

= 𝟐𝟐  

 
3. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟏𝟏
𝒍𝒍𝒔𝒔𝒙𝒙

𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅𝒙𝒙)   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒍𝒍𝒔𝒔 𝒙𝒙 = 𝒍𝒍𝒔𝒔(𝟏𝟏) = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅𝒙𝒙) = 𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅) = 𝟎𝟎  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟏𝟏
𝒙𝒙

𝝅𝝅𝒄𝒄𝒄𝒄𝒔𝒔(𝝅𝝅𝒙𝒙) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟏𝟏
𝝅𝝅𝒙𝒙𝒄𝒄𝒄𝒄𝒔𝒔(𝝅𝝅𝒙𝒙) = 𝟏𝟏

𝝅𝝅(𝟏𝟏) 𝒄𝒄𝒄𝒄𝒔𝒔(𝝅𝝅) = − 𝟏𝟏
𝝅𝝅
  

 
4. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎
𝒙𝒙−𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙
𝒙𝒙−𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒙𝒙 − 𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟎𝟎 − 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒙𝒙 − 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝟎𝟎 − 𝒕𝒕𝒕𝒕𝒔𝒔(𝟎𝟎) = 𝟎𝟎  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟏𝟏−𝐜𝐜𝐜𝐜𝐜𝐜𝒙𝒙
𝟏𝟏−𝐜𝐜𝐬𝐬𝐜𝐜𝟐𝟐 𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−(−𝐜𝐜𝐬𝐬𝐬𝐬𝒙𝒙)
−𝟐𝟐𝐜𝐜𝐬𝐬𝐜𝐜𝒙𝒙 𝐜𝐜𝐬𝐬𝐜𝐜𝒙𝒙 𝐭𝐭𝐭𝐭𝐬𝐬 𝒙𝒙

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

−𝟐𝟐𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙 𝒔𝒔𝒍𝒍𝒔𝒔 𝒙𝒙𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
−𝟐𝟐𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙 𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
−𝟐𝟐𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎)
−𝟐𝟐𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐(𝟎𝟎) = −𝟏𝟏

𝟐𝟐
    

 

5. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒕𝒕𝒕𝒕𝒔𝒔−𝟏𝟏(𝟐𝟐𝒙𝒙)
𝒍𝒍𝒔𝒔𝒙𝒙

 

= 𝒕𝒕𝒕𝒕𝒔𝒔−𝟏𝟏(𝟎𝟎)
𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎

−∞
= 𝟎𝟎  

 
6. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙 𝒍𝒍𝒔𝒔𝒙𝒙   → Type  𝟎𝟎 ∙ ∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔𝒙𝒙 = −∞  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔𝒙𝒙
𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙

  →  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟏𝟏 𝒙𝒙⁄
−𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙 𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

−𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙
𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

−�𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙+𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙�
𝟏𝟏

  

= −𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) 𝒕𝒕𝒕𝒕𝒔𝒔(𝟎𝟎) − 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐(𝟎𝟎) = 𝟎𝟎   
 
 
 
 
 

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒆𝒆𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)𝒆𝒆𝒇𝒇(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒔𝒔𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = 𝒇𝒇′(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒔𝒔(𝒇𝒇(𝒙𝒙))  

𝒅𝒅
𝒅𝒅𝒙𝒙

([𝒇𝒇(𝒙𝒙)]𝒔𝒔) = 𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒔𝒔−𝟏𝟏𝒇𝒇′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝒙𝒙 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙  

�𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)�
′ = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙) = −𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙 𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

  , 𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙 = 𝟏𝟏
𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙

  



 
7. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟏𝟏
� 𝒙𝒙
𝒙𝒙−𝟏𝟏

− 𝟏𝟏
𝒍𝒍𝒔𝒔𝒙𝒙

�   → Type  ∞−∞  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒙𝒙
𝒙𝒙−𝟏𝟏

= 𝟏𝟏
𝟏𝟏−𝟏𝟏

= 𝟏𝟏
𝟎𝟎

= ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟏𝟏
𝒍𝒍𝒔𝒔𝒙𝒙

= 𝟏𝟏
𝒍𝒍𝒔𝒔(𝟏𝟏) = 𝟏𝟏

𝟎𝟎
= ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒙𝒙 𝒍𝒍𝒔𝒔𝒙𝒙−(𝒙𝒙−𝟏𝟏)
(𝒙𝒙−𝟏𝟏) 𝒍𝒍𝒔𝒔𝒙𝒙

   →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒍𝒍𝒔𝒔𝒙𝒙+𝒙𝒙∙𝟏𝟏𝒙𝒙−𝟏𝟏

𝒍𝒍𝒔𝒔𝒙𝒙+𝒙𝒙−𝟏𝟏𝒙𝒙
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒍𝒍𝒔𝒔𝒙𝒙

𝒍𝒍𝒔𝒔𝒙𝒙+𝒙𝒙−𝟏𝟏𝒙𝒙
  →  𝟎𝟎

𝟎𝟎
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟏𝟏
𝒙𝒙

𝟏𝟏
𝒙𝒙+

(𝟏𝟏)(𝒙𝒙)−(𝒙𝒙−𝟏𝟏)(𝟏𝟏)
𝒙𝒙𝟐𝟐

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟏𝟏
𝒙𝒙

𝟏𝟏
𝒙𝒙+

𝟏𝟏
𝒙𝒙𝟐𝟐

= 𝟏𝟏
𝟏𝟏+𝟏𝟏

= 𝟏𝟏
𝟐𝟐
  

 
8. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝒙𝒙√𝒙𝒙   → Type  𝟎𝟎𝟎𝟎 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒙𝒙 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

√𝒙𝒙 = √𝟎𝟎 = 𝟎𝟎  

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔(𝒙𝒙)√𝒙𝒙 = √𝒙𝒙 𝒍𝒍𝒔𝒔𝒙𝒙  
𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

√𝒙𝒙 𝒍𝒍𝒔𝒔𝒙𝒙  →  𝟎𝟎 ∙ ∞  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔𝒙𝒙

𝒙𝒙−
𝟏𝟏
𝟐𝟐
  →  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟏𝟏
𝒙𝒙

−𝟏𝟏𝟐𝟐𝒙𝒙
−𝟑𝟑𝟐𝟐

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

−𝟐𝟐𝒙𝒙
𝟑𝟑
𝟐𝟐

𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
−𝟐𝟐𝒙𝒙

𝟏𝟏
𝟐𝟐 = −𝟐𝟐(𝟎𝟎) = 𝟎𝟎  

So, 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒙𝒙√𝒙𝒙 = 𝒆𝒆𝟎𝟎 = 𝟏𝟏 

 
9. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
(𝟒𝟒𝒙𝒙 + 𝟏𝟏)𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙   → Type  𝟏𝟏∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟒𝟒𝒙𝒙 + 𝟏𝟏) = 𝟒𝟒(𝟎𝟎) + 𝟏𝟏 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒄𝒄𝒄𝒄𝒕𝒕 𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒕𝒕(𝟎𝟎) = 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎)
𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟏𝟏

𝟎𝟎
= ∞  

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔(𝟒𝟒𝒙𝒙 + 𝟏𝟏)𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙 = 𝒄𝒄𝒄𝒄𝒕𝒕 𝒙𝒙 𝒍𝒍𝒔𝒔(𝟒𝟒𝒙𝒙 + 𝟏𝟏) 
𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒄𝒄𝒄𝒄𝒕𝒕 𝒙𝒙 𝒍𝒍𝒔𝒔(𝟒𝟒𝒙𝒙 + 𝟏𝟏)  →  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔(𝟒𝟒𝒙𝒙+𝟏𝟏)
𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟒𝟒
𝟒𝟒𝒙𝒙+𝟏𝟏
𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟒𝟒
(𝟒𝟒𝒙𝒙+𝟏𝟏) 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟒𝟒𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙
𝟒𝟒𝒙𝒙+𝟏𝟏

= 𝟒𝟒𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐(𝟎𝟎)
𝟒𝟒(𝟎𝟎)+𝟏𝟏

= 𝟒𝟒  

So, 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟒𝟒𝒙𝒙 + 𝟏𝟏)𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙 = 𝒆𝒆𝟒𝟒  

 
10. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟏𝟏
𝒙𝒙−𝟏𝟏

𝒍𝒍𝒔𝒔𝒙𝒙−𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅𝒙𝒙)   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

(𝒙𝒙 − 𝟏𝟏) = 𝟏𝟏 − 𝟏𝟏 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

(𝒍𝒍𝒔𝒔 𝒙𝒙 − 𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅𝒙𝒙)) = 𝒍𝒍𝒔𝒔(𝟏𝟏) − 𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅) = 𝟎𝟎  

= 𝐥𝐥𝐬𝐬𝐥𝐥
𝒙𝒙→𝟏𝟏

𝟏𝟏
𝟏𝟏
𝒙𝒙−𝝅𝝅𝐜𝐜𝐜𝐜𝐜𝐜(𝝅𝝅𝒙𝒙)

= 𝟏𝟏
𝟏𝟏−𝝅𝝅𝐜𝐜𝐜𝐜𝐜𝐜(𝝅𝝅) = 𝟏𝟏

𝟏𝟏−(𝝅𝝅)(−𝟏𝟏) = 𝟏𝟏
𝟏𝟏+𝝅𝝅

  

 
 
 
 
 
 
 

�𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

�
′

= 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙)−𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)
[𝒈𝒈(𝒙𝒙)]𝟐𝟐

  

�𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)�
′ = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝑨𝑨
𝑩𝑩
− 𝑪𝑪

𝑫𝑫
= 𝑨𝑨𝑫𝑫−𝑩𝑩𝑪𝑪

𝑩𝑩𝑫𝑫
  

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

√𝒙𝒙𝒍𝒍𝒔𝒔 = 𝒙𝒙
𝒍𝒍
𝒔𝒔   

𝒙𝒙𝒕𝒕

𝒙𝒙𝒃𝒃
= 𝒙𝒙𝒕𝒕−𝒃𝒃  

𝑨𝑨
𝑩𝑩�

𝑪𝑪
𝑫𝑫�

= 𝑨𝑨𝑫𝑫
𝑩𝑩𝑪𝑪

  

𝒙𝒙−𝒕𝒕 = 𝟏𝟏
𝒙𝒙𝒕𝒕

  

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

  

𝐜𝐜𝐬𝐬𝐜𝐜𝒙𝒙 = 𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜𝒙𝒙

  , 𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙 = 𝐜𝐜𝐜𝐜𝐜𝐜𝒙𝒙
𝐜𝐜𝐬𝐬𝐬𝐬𝒙𝒙

 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒔𝒔𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = 𝒇𝒇′(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒔𝒔(𝒇𝒇(𝒙𝒙))  



 
11. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝝅𝝅
𝟐𝟐

𝒍𝒍𝒔𝒔(𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙)

�𝒙𝒙−𝝅𝝅𝟐𝟐�
𝟐𝟐    → Type  𝟎𝟎

𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

𝒍𝒍𝒔𝒔(𝒄𝒄𝒔𝒔𝒄𝒄 𝒙𝒙) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

𝒍𝒍𝒔𝒔 � 𝟏𝟏
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

�   ,  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

�𝒙𝒙 − 𝝅𝝅
𝟐𝟐
�
𝟐𝟐

= �𝝅𝝅
𝟐𝟐
− 𝝅𝝅

𝟐𝟐
�
𝟐𝟐

= 𝟎𝟎  

                           = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

[𝒍𝒍𝒔𝒔(𝟏𝟏) − 𝒍𝒍𝒔𝒔(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙)]  

                           = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

[−𝒍𝒍𝒔𝒔(𝒔𝒔𝒍𝒍𝒔𝒔 𝒙𝒙)] = −𝒍𝒍𝒔𝒔�𝒔𝒔𝒍𝒍𝒔𝒔 �𝝅𝝅
𝟐𝟐
�� = −𝒍𝒍𝒔𝒔(𝟏𝟏) = 𝟎𝟎    

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

−𝒄𝒄𝒔𝒔𝒄𝒄 𝒙𝒙 𝒄𝒄𝒄𝒄𝒕𝒕 𝒙𝒙
𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙

𝟐𝟐�𝒙𝒙−𝝅𝝅𝟐𝟐�(𝟏𝟏)
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

− 𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙
𝟐𝟐�𝒙𝒙−𝝅𝝅𝟐𝟐�

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

−−𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙
𝟐𝟐

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐

𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙
𝟐𝟐

=
𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐�𝝅𝝅𝟐𝟐�

𝟐𝟐
= 𝟏𝟏

𝟐𝟐
∙ 𝟏𝟏
𝒔𝒔𝒍𝒍𝒔𝒔𝟐𝟐�𝝅𝝅𝟐𝟐�

= 𝟏𝟏
𝟐𝟐
  

 
12. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
𝒙𝒙𝟐𝟐𝒆𝒆−𝒙𝒙   → Type  𝟎𝟎 ∙ ∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒙𝒙𝟐𝟐 = ∞𝟐𝟐 = ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆−𝒙𝒙 = 𝒆𝒆−∞ = 𝟏𝟏
𝒆𝒆∞

= 𝟏𝟏
∞

= 𝟎𝟎  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒙𝒙𝟐𝟐

𝒆𝒆𝒙𝒙
  →  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐𝒙𝒙
𝒆𝒆𝒙𝒙

  →  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐
𝒆𝒆𝒙𝒙

= 𝟐𝟐
𝒆𝒆∞

= 𝟐𝟐
∞

= 𝟎𝟎  

 

13. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙−𝟏𝟏)𝟐𝟐

𝒙𝒙𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙
   → Type  𝟎𝟎

𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙 − 𝟏𝟏)𝟐𝟐 = �𝒆𝒆𝟎𝟎 − 𝟏𝟏�𝟐𝟐 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒙𝒙 𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = (𝟎𝟎)(𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎)) = 𝟎𝟎  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟐𝟐(𝒆𝒆𝒙𝒙−𝟏𝟏)(𝒆𝒆𝒙𝒙)
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙+𝒙𝒙𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟐𝟐(𝒆𝒆𝒙𝒙)(𝒆𝒆𝒙𝒙)+𝟐𝟐(𝒆𝒆𝒙𝒙)(𝒆𝒆𝒙𝒙−𝟏𝟏)
𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙+𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙−𝒙𝒙𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

   

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟐𝟐𝒆𝒆𝟐𝟐𝒙𝒙+𝟐𝟐𝒆𝒆𝒙𝒙(𝒆𝒆𝒙𝒙−𝟏𝟏)
𝟐𝟐 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙+𝒙𝒙𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

= 𝟐𝟐𝒆𝒆𝟎𝟎+𝟐𝟐𝒆𝒆𝟎𝟎�𝒆𝒆𝟎𝟎−𝟏𝟏�
𝟐𝟐 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎)+(𝟎𝟎)(𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎)) = 𝟐𝟐

𝟐𝟐
= 𝟏𝟏  

 

14. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙 + 𝒙𝒙)
𝟏𝟏
𝒙𝒙   → Type  𝟏𝟏∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙 + 𝒙𝒙) = 𝒆𝒆𝟎𝟎 + 𝟎𝟎 = 𝟏𝟏 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟏𝟏
𝒙𝒙

= 𝟏𝟏
𝟎𝟎

= ∞  

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙 + 𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝟏𝟏

𝒙𝒙
𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙 + 𝒙𝒙)  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

�𝟏𝟏
𝒙𝒙
𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙 + 𝒙𝒙)�  →  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙+𝒙𝒙)
𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙+𝟏𝟏
𝒆𝒆𝒙𝒙+𝒙𝒙
𝟏𝟏

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙+𝟏𝟏
𝒆𝒆𝒙𝒙+𝒙𝒙

= 𝒆𝒆𝟎𝟎+𝟏𝟏
𝒆𝒆𝟎𝟎+𝟎𝟎

= 𝟏𝟏+𝟏𝟏
𝟏𝟏

= 𝟐𝟐  

So,  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙 + 𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝒆𝒆𝟐𝟐   

 
 
 

𝒅𝒅
𝒅𝒅𝒙𝒙

([𝒇𝒇(𝒙𝒙)]𝒔𝒔) = 𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒔𝒔−𝟏𝟏𝒇𝒇′(𝒙𝒙)  

𝒍𝒍𝒔𝒔 �𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

� = 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]− 𝒍𝒍𝒔𝒔[𝒈𝒈(𝒙𝒙)]  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙) = −𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙 𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙) = −𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

  

𝒄𝒄𝒔𝒔𝒄𝒄𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙   

𝟏𝟏
𝒆𝒆𝒙𝒙

= 𝒆𝒆−𝒙𝒙  

�𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)�
′ = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙) 

𝒅𝒅
𝒅𝒅𝒙𝒙

([𝒇𝒇(𝒙𝒙)]𝒔𝒔) = 𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒔𝒔−𝟏𝟏𝒇𝒇′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙) = −𝐜𝐜𝐬𝐬𝐬𝐬𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)] 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  



 
15. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎+
𝒍𝒍𝒔𝒔𝒙𝒙 − 𝒍𝒍𝒔𝒔(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙)   → Type  ∞−∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔𝒙𝒙 = −∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔 � 𝒙𝒙
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

�  → 𝐥𝐥𝐬𝐬 �𝟎𝟎
𝟎𝟎
� 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

�− 𝒍𝒍𝒔𝒔�𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙
𝒙𝒙
�� = −𝒍𝒍𝒔𝒔(𝟏𝟏) = 𝟎𝟎  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙
𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
𝟏𝟏

= 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) = 𝟏𝟏  

  
16. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝝅𝝅
𝟐𝟐
− �

𝝅𝝅
𝟐𝟐
− 𝒙𝒙� 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙   → Type  𝟎𝟎 ∙ ∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
− �

𝝅𝝅
𝟐𝟐
− 𝒙𝒙� = 𝝅𝝅

𝟐𝟐
− 𝝅𝝅

𝟐𝟐
= 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝝅𝝅
𝟐𝟐
− 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙 =

𝒔𝒔𝒍𝒍𝒔𝒔�𝝅𝝅𝟐𝟐�

𝒄𝒄𝒄𝒄𝒔𝒔�𝝅𝝅𝟐𝟐�
= 𝟏𝟏

𝟎𝟎
= ∞  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−

�𝝅𝝅𝟐𝟐−𝒙𝒙�

𝒄𝒄𝒄𝒄𝒕𝒕𝒙𝒙
  →  𝟎𝟎

𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
−

−𝟏𝟏
−𝒄𝒄𝒔𝒔𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟐𝟐
− 𝒔𝒔𝒍𝒍𝒔𝒔𝟐𝟐 𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒔𝒔𝟐𝟐 �𝝅𝝅

𝟐𝟐
� = 𝟏𝟏  

 

17. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟑𝟑𝒙𝒙−𝟏𝟏
𝟐𝟐𝒙𝒙−𝟏𝟏

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝟑𝟑𝒙𝒙 − 𝟏𝟏) = 𝟑𝟑𝟎𝟎 − 𝟏𝟏 = 𝟏𝟏 − 𝟏𝟏 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝟐𝟐𝒙𝒙 − 𝟏𝟏) = 𝟐𝟐𝟎𝟎 − 𝟏𝟏 = 𝟏𝟏 − 𝟏𝟏 = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒍𝒍𝒔𝒔(𝟑𝟑)∙𝟑𝟑𝒙𝒙

𝒍𝒍𝒔𝒔(𝟐𝟐)∙𝟐𝟐𝒙𝒙
= 𝒍𝒍𝒔𝒔(𝟑𝟑)∙𝟑𝟑𝟎𝟎

𝒍𝒍𝒔𝒔(𝟐𝟐)∙𝟐𝟐𝟎𝟎
= 𝒍𝒍𝒔𝒔(𝟑𝟑)

𝒍𝒍𝒔𝒔(𝟐𝟐)  

 

18. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒄𝒄𝒈𝒈𝟐𝟐(𝒙𝒙)
𝒍𝒍𝒄𝒄𝒈𝒈𝟑𝟑(𝒙𝒙+𝟑𝟑)   → Type  ∞

∞
  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒄𝒄𝒈𝒈𝟐𝟐(𝒙𝒙) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝐥𝐥𝐬𝐬(𝒙𝒙)
𝒍𝒍𝒔𝒔(𝟐𝟐) = ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
𝒍𝒍𝒄𝒄𝒈𝒈𝟑𝟑(𝒙𝒙 + 𝟑𝟑) = 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
𝐥𝐥𝐬𝐬(𝒙𝒙+𝟑𝟑)
𝒍𝒍𝒔𝒔(𝟑𝟑) = ∞  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏
𝒍𝒍𝒔𝒔(𝟐𝟐)∙𝒙𝒙

𝟏𝟏
𝒍𝒍𝒔𝒔(𝟑𝟑)∙(𝒙𝒙+𝟑𝟑)

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔(𝟑𝟑)
𝒍𝒍𝒔𝒔(𝟐𝟐) ∙

𝒙𝒙+𝟑𝟑
𝒙𝒙

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔(𝟑𝟑)
𝒍𝒍𝒔𝒔(𝟐𝟐) ∙

𝟏𝟏
𝟏𝟏

= 𝒍𝒍𝒔𝒔(𝟑𝟑)
𝒍𝒍𝒔𝒔(𝟐𝟐)  

 

19. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

�𝒕𝒕𝒙𝒙+𝒕𝒕𝟐𝟐−𝒕𝒕
𝒙𝒙

 , where  𝒕𝒕 > 𝟎𝟎.   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

�𝒕𝒕𝒙𝒙 + 𝒕𝒕𝟐𝟐 − 𝒕𝒕 = √𝒕𝒕𝟐𝟐 − 𝒕𝒕 = 𝒕𝒕 − 𝒕𝒕 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒙𝒙 = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒕𝒕

𝟐𝟐�𝒕𝒕𝒙𝒙+𝒕𝒕𝟐𝟐

𝟏𝟏
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟎𝟎
𝒕𝒕

𝟐𝟐�𝒕𝒕𝒙𝒙+𝒕𝒕𝟐𝟐
= 𝒕𝒕

𝟐𝟐�𝒕𝒕𝟐𝟐
= 𝒕𝒕

𝟐𝟐𝒕𝒕
= 𝟏𝟏

𝟐𝟐
  

 
 
 
 
 
 

 

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)] − 𝒍𝒍𝒔𝒔[𝒈𝒈(𝒙𝒙)] = 𝒍𝒍𝒔𝒔 �𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

�  

𝒍𝒍𝒔𝒔 �𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

� = −𝒍𝒍𝒔𝒔�𝒈𝒈(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

�  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝐜𝐜𝐜𝐜𝐭𝐭 𝒙𝒙) = −𝐜𝐜𝐜𝐜𝐜𝐜𝟐𝟐 𝒙𝒙  

𝐜𝐜𝐬𝐬𝐬𝐬𝒙𝒙 = 𝟏𝟏
𝐜𝐜𝐜𝐜𝐜𝐜 𝒙𝒙

  

𝐜𝐜𝐜𝐜𝐭𝐭 𝒙𝒙 = 𝟏𝟏
𝐭𝐭𝐭𝐭𝐬𝐬𝒙𝒙

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒃𝒃𝒙𝒙) = 𝒍𝒍𝒔𝒔(𝒃𝒃) ∙ 𝒃𝒃𝒙𝒙 , 𝒃𝒃 > 𝟎𝟎  

𝒍𝒍𝒄𝒄𝒈𝒈𝒃𝒃[𝒇𝒇(𝒙𝒙)] = 𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�
𝒍𝒍𝒔𝒔(𝒃𝒃)

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒄𝒄𝒈𝒈𝒃𝒃[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒍𝒍𝒔𝒔(𝒃𝒃)∙𝒇𝒇(𝒙𝒙)

  

𝟏𝟏 𝑨𝑨⁄
𝟏𝟏 𝑩𝑩⁄

= 𝑩𝑩
𝑨𝑨

  

√𝒙𝒙𝒍𝒍𝒔𝒔 = �𝒙𝒙
𝒍𝒍
𝒔𝒔� if  𝒍𝒍

𝒔𝒔
 is odd number and 𝒔𝒔 is 

even number 

𝒅𝒅
𝒅𝒅𝒙𝒙
��𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)

𝟐𝟐�𝒇𝒇(𝒙𝒙)
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𝒙𝒙→∞

�𝒙𝒙
𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐

�
𝟏𝟏
𝒙𝒙   → Type  ∞𝟎𝟎 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒙𝒙𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐

= ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏
𝒙𝒙

= 𝟏𝟏
∞

= 𝟎𝟎 

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔 �𝒙𝒙
𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐

�
𝟏𝟏
𝒙𝒙 = 𝟏𝟏

𝒙𝒙
𝒍𝒍𝒔𝒔 �𝒙𝒙

𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐

�  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝟏𝟏
𝒙𝒙
𝒍𝒍𝒔𝒔 �𝒙𝒙

𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐

� �  →  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔�𝒙𝒙
𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐 �

𝒙𝒙
   

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔�𝒙𝒙𝟐𝟐+𝟏𝟏�−𝒍𝒍𝒔𝒔(𝒙𝒙+𝟐𝟐)
𝒙𝒙

  →  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

� 𝟐𝟐𝒙𝒙
𝒙𝒙𝟐𝟐+𝟏𝟏

− 𝟏𝟏
𝒙𝒙+𝟐𝟐

� = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

� 𝟐𝟐𝒙𝒙
𝒙𝒙𝟐𝟐+𝟏𝟏

� − 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

� 𝟏𝟏
𝒙𝒙+𝟐𝟐

� = 𝟎𝟎  

So,  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝒙𝒙
𝟐𝟐+𝟏𝟏
𝒙𝒙+𝟐𝟐

�
𝟏𝟏
𝒙𝒙 = 𝒆𝒆𝟎𝟎 = 𝟏𝟏 
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𝒙𝒙→∞
𝒆𝒆𝒙𝒙(𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒔𝒔(𝒆𝒆−𝒙𝒙))   → Type  𝟎𝟎 ∙ ∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙 = 𝒆𝒆∞ = ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒔𝒔(𝒆𝒆−𝒙𝒙)) = 𝟏𝟏 − 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏−𝒄𝒄𝒄𝒄𝒔𝒔(𝒆𝒆−𝒙𝒙)
𝒆𝒆−𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

−𝒔𝒔𝒍𝒍𝒔𝒔(𝒆𝒆−𝒙𝒙)∙𝒆𝒆−𝒙𝒙

−𝒆𝒆−𝒙𝒙
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒔𝒔𝒍𝒍𝒔𝒔(𝒆𝒆−𝒙𝒙) = 𝒔𝒔𝒍𝒍𝒔𝒔(𝒆𝒆−∞) = 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎  

 

22. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒄𝒄𝒄𝒄𝒔𝒔�𝝅𝝅𝟐𝟐+𝒙𝒙�−𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙
   → Type  𝟎𝟎

𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

�𝒄𝒄𝒄𝒄𝒔𝒔 �𝝅𝝅
𝟐𝟐

+ 𝒙𝒙� − 𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙� = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙 = 𝒕𝒕𝒕𝒕𝒔𝒔(𝟎𝟎) = 𝟎𝟎  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒄𝒄𝒄𝒄𝒔𝒔�𝝅𝝅𝟐𝟐� 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙−𝒔𝒔𝒍𝒍𝒔𝒔�
𝝅𝝅
𝟐𝟐� 𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙−𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙
   

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙−𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙
𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝟐𝟐𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙
𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝟐𝟐𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝟐𝟐 (𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙)(𝒄𝒄𝒄𝒄𝒔𝒔𝟐𝟐 𝒙𝒙) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝟐𝟐𝒄𝒄𝒄𝒄𝒔𝒔𝟑𝟑 𝒙𝒙 = −𝟐𝟐  

 

23. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒕𝒕𝒙𝒙−𝟏𝟏
𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙

 , where  𝒕𝒕 is a constant   → Type  𝟎𝟎
𝟎𝟎
  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒕𝒕𝒙𝒙 − 𝟏𝟏 = 𝒆𝒆𝟎𝟎 − 𝟏𝟏 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔 𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒕𝒕𝒆𝒆𝟐𝟐𝒙𝒙

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙
= 𝒕𝒕𝒆𝒆𝟎𝟎

𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) = 𝒕𝒕(𝟏𝟏)
𝟏𝟏

= 𝒕𝒕  

 
 
 
 
 
 
 
 

𝒍𝒍𝒔𝒔 �𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

� = 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]− 𝒍𝒍𝒔𝒔[𝒈𝒈(𝒙𝒙)]  

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)] 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

[𝒇𝒇(𝒙𝒙)− 𝒈𝒈(𝒙𝒙)] = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒇𝒇(𝒙𝒙)− 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝒕𝒕

𝒈𝒈(𝒙𝒙) 

 𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

   

We have  𝒇𝒇(𝒙𝒙) = 𝒕𝒕𝒙𝒙𝒍𝒍+⋯
𝒃𝒃𝒙𝒙𝒔𝒔+⋯

 : 

1. If  𝒍𝒍 > 𝒔𝒔 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒇𝒇(𝒙𝒙) = ±∞ 

2. If  𝒍𝒍 = 𝒔𝒔 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒇𝒇(𝒙𝒙) = 𝒕𝒕
𝒃𝒃
 

3. If  𝒍𝒍 < 𝒔𝒔 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒇𝒇(𝒙𝒙) = 𝟎𝟎 

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒄𝒄𝒄𝒄𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = −𝒇𝒇′(𝒙𝒙) 𝒔𝒔𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒆𝒆𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)𝒆𝒆𝒇𝒇(𝒙𝒙)   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙   

𝒄𝒄𝒄𝒄𝒔𝒔(𝑨𝑨 + 𝑩𝑩) = 𝒄𝒄𝒄𝒄𝒔𝒔𝑨𝑨𝒄𝒄𝒄𝒄𝒔𝒔𝑩𝑩 − 𝒔𝒔𝒍𝒍𝒔𝒔𝑨𝑨𝒔𝒔𝒍𝒍𝒔𝒔𝑩𝑩 

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒆𝒆𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)𝒆𝒆𝒇𝒇(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔𝒙𝒙) = 𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙  
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𝒙𝒙→𝝅𝝅
𝟒𝟒

(𝟏𝟏 − 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) 𝒔𝒔𝒆𝒆𝒄𝒄(𝟐𝟐𝒙𝒙)   → Type  𝟎𝟎 ∙ ∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟒𝟒

(𝟏𝟏 − 𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝟏𝟏 − 𝒕𝒕𝒕𝒕𝒔𝒔�𝝅𝝅
𝟒𝟒
� = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝝅𝝅
𝟒𝟒

𝒔𝒔𝒆𝒆𝒄𝒄(𝟐𝟐𝒙𝒙) = 𝟏𝟏
𝒄𝒄𝒄𝒄𝒔𝒔�𝝅𝝅𝟐𝟐�

= 𝟏𝟏
𝟎𝟎

= ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟒𝟒

(𝟏𝟏−𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙)
𝒄𝒄𝒄𝒄𝒔𝒔(𝟐𝟐𝒙𝒙)   →  𝟎𝟎

𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝝅𝝅

𝟒𝟒

−𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙
−𝟐𝟐𝒔𝒔𝒍𝒍𝒔𝒔(𝟐𝟐𝒙𝒙) =

𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐(𝝅𝝅𝟒𝟒)

𝟐𝟐𝒔𝒔𝒍𝒍𝒔𝒔(𝝅𝝅𝟐𝟐)
= 𝟐𝟐

𝟐𝟐
= 𝟏𝟏  

 

25.  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔(𝟏𝟏+𝒆𝒆𝒙𝒙)
𝟏𝟏+𝒙𝒙

   → Type  ∞
∞

 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔(𝟏𝟏 + 𝒆𝒆𝒙𝒙) = 𝒍𝒍𝒔𝒔(𝟏𝟏 + ∞) = ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝟏𝟏 + 𝒙𝒙) = ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝟏𝟏+𝒆𝒆𝒙𝒙
  →  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝒆𝒆𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
𝟏𝟏 = 𝟏𝟏   

 
26. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→𝟏𝟏
𝒍𝒍𝒔𝒔𝒙𝒙
𝒙𝒙−𝟏𝟏

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒍𝒍𝒔𝒔 𝒙𝒙 = 𝒍𝒍𝒔𝒔(𝟏𝟏) = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒙𝒙 − 𝟏𝟏) = 𝟏𝟏 − 𝟏𝟏 = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝟏𝟏 𝒙𝒙⁄
𝟏𝟏

= 𝟏𝟏
𝟏𝟏

= 𝟏𝟏  

 

27. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙+𝒆𝒆−𝒙𝒙−𝟐𝟐
𝒆𝒆𝒙𝒙−𝒙𝒙−𝟏𝟏

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙 + 𝒆𝒆−𝒙𝒙 − 𝟐𝟐) = 𝟏𝟏 + 𝟏𝟏 − 𝟐𝟐 = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

(𝒆𝒆𝒙𝒙 − 𝒙𝒙 − 𝟏𝟏) = 𝟏𝟏 − 𝟏𝟏 = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙−𝒆𝒆−𝒙𝒙

𝒆𝒆𝒙𝒙−𝟏𝟏
  →  𝟎𝟎

𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒆𝒆𝒙𝒙+𝒆𝒆−𝒙𝒙

𝒆𝒆𝒙𝒙
= 𝟏𝟏+𝟏𝟏

𝟏𝟏
= 𝟐𝟐  

 

28. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔−𝟏𝟏 𝒙𝒙
𝒙𝒙

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔−𝟏𝟏 𝒙𝒙 = 𝒔𝒔𝒍𝒍𝒔𝒔−𝟏𝟏(𝟎𝟎) = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒙𝒙 = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟏𝟏
�𝟏𝟏−𝒙𝒙𝟐𝟐

𝟏𝟏
= 𝟏𝟏

√𝟏𝟏
= 𝟏𝟏  

 

29. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒕𝒕𝒕𝒕𝒔𝒔−𝟏𝟏(𝟐𝟐𝒙𝒙)
𝒍𝒍𝒔𝒔𝒙𝒙

 

= 𝒕𝒕𝒕𝒕𝒔𝒔−𝟏𝟏(𝟎𝟎)
∞

= 𝟎𝟎
∞

= 𝟎𝟎  
 

30. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒙𝒙𝒔𝒔𝒍𝒍𝒔𝒔(𝒙𝒙−𝟏𝟏)
𝟐𝟐𝒙𝒙𝟐𝟐−𝒙𝒙−𝟏𝟏

   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

(𝒙𝒙 𝒔𝒔𝒍𝒍𝒔𝒔(𝒙𝒙 − 𝟏𝟏)) = 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟎𝟎 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

�𝟐𝟐𝒙𝒙𝟐𝟐 − 𝒙𝒙 − 𝟏𝟏� = 𝟐𝟐 − 𝟏𝟏 − 𝟏𝟏 = 𝟎𝟎 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟏𝟏

𝒔𝒔𝒍𝒍𝒔𝒔(𝒙𝒙−𝟏𝟏)+𝒙𝒙𝒄𝒄𝒄𝒄𝒔𝒔(𝒙𝒙−𝟏𝟏)
𝟒𝟒𝒙𝒙−𝟏𝟏

= 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎)+𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎)
𝟒𝟒−𝟏𝟏

= 𝟏𝟏
𝟑𝟑
  

 
 
 
 

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒄𝒄𝒄𝒄𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = −𝒇𝒇′(𝒙𝒙) 𝒔𝒔𝒍𝒍𝒔𝒔(𝒇𝒇(𝒙𝒙))   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒕𝒕𝒕𝒕𝒔𝒔𝒙𝒙) = 𝒔𝒔𝒆𝒆𝒄𝒄𝟐𝟐 𝒙𝒙    

𝒄𝒄𝒄𝒄𝒔𝒔𝒙𝒙 = 𝟏𝟏
𝒔𝒔𝒆𝒆𝒄𝒄 𝒙𝒙

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔(𝒇𝒇(𝒙𝒙))) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒆𝒆𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)𝒆𝒆𝒇𝒇(𝒙𝒙)   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒔𝒔𝒍𝒍𝒔𝒔−𝟏𝟏 𝒙𝒙) = 𝟏𝟏
�𝟏𝟏−𝒙𝒙𝟐𝟐

   

�𝒇𝒇(𝒙𝒙)𝒈𝒈(𝒙𝒙)�
′ = 𝒇𝒇′(𝒙𝒙)𝒈𝒈(𝒙𝒙) + 𝒇𝒇(𝒙𝒙)𝒈𝒈′(𝒙𝒙)  

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒔𝒔𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = 𝒇𝒇′(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒔𝒔(𝒇𝒇(𝒙𝒙))  



 

31. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒆𝒆𝒙𝒙 + 𝟏𝟏𝟎𝟎𝒙𝒙)
𝟏𝟏
𝒙𝒙    → Type  ∞𝟎𝟎 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒆𝒆𝒙𝒙 + 𝟏𝟏𝟎𝟎𝒙𝒙) = ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏
𝒙𝒙

= 𝟏𝟏
∞

= 𝟎𝟎 

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙 + 𝟏𝟏𝟎𝟎𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝟏𝟏

𝒙𝒙
𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙 + 𝟏𝟏𝟎𝟎𝒙𝒙)  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝟏𝟏
𝒙𝒙
𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙 + 𝟏𝟏𝟎𝟎𝒙𝒙)�  →  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔(𝒆𝒆𝒙𝒙+𝟏𝟏𝟎𝟎𝒙𝒙)
𝒙𝒙

  →  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙+𝟏𝟏𝟎𝟎
𝒆𝒆𝒙𝒙+𝟏𝟏𝟎𝟎𝒙𝒙

  →  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝒆𝒆𝒙𝒙+𝟏𝟏𝟎𝟎
  →  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒆𝒆𝒙𝒙

𝒆𝒆𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
𝟏𝟏 = 𝟏𝟏  

So,  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝒆𝒆𝒙𝒙 + 𝟏𝟏𝟎𝟎𝒙𝒙)
𝟏𝟏
𝒙𝒙 = 𝒆𝒆𝟏𝟏 = 𝒆𝒆  

 

32. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙))
𝟏𝟏
𝒙𝒙   → Type  𝟏𝟏∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

(𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙)) = 𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟏𝟏 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟏𝟏
𝒙𝒙

= 𝟏𝟏
𝟎𝟎

= ∞ 

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔(𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙))
𝟏𝟏
𝒙𝒙 = 𝟏𝟏

𝒙𝒙
𝒍𝒍𝒔𝒔(𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙))  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

�𝟏𝟏
𝒙𝒙
𝒍𝒍𝒔𝒔(𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙))�  →  𝟎𝟎 ∙ ∞  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝒍𝒍𝒔𝒔(𝟏𝟏+𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙))
𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎+

𝟑𝟑𝒄𝒄𝒄𝒄𝒔𝒔(𝟑𝟑𝒙𝒙)
𝟏𝟏+𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙) = 𝟑𝟑 𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎)

𝟏𝟏+𝒔𝒔𝒍𝒍𝒔𝒔(𝟎𝟎) = 𝟑𝟑
𝟏𝟏

= 𝟑𝟑  

So,  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝟏𝟏 + 𝒔𝒔𝒍𝒍𝒔𝒔(𝟑𝟑𝒙𝒙))
𝟏𝟏
𝒙𝒙 = 𝒆𝒆𝟑𝟑   

 

33. 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝟐𝟐𝒙𝒙−𝟑𝟑
𝟐𝟐𝒙𝒙+𝟓𝟓

�
𝟐𝟐𝒙𝒙+𝟏𝟏

   → Type  𝟏𝟏∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐𝒙𝒙−𝟑𝟑
𝟐𝟐𝒙𝒙+𝟓𝟓

= 𝟐𝟐
𝟐𝟐

= 𝟏𝟏 , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

(𝟐𝟐𝒙𝒙 + 𝟏𝟏) = ∞ 

Set  𝒚𝒚 = 𝒍𝒍𝒔𝒔 �𝟐𝟐𝒙𝒙−𝟑𝟑
𝟐𝟐𝒙𝒙+𝟓𝟓

�
𝟐𝟐𝒙𝒙+𝟏𝟏

= (𝟐𝟐𝒙𝒙 + 𝟏𝟏) 𝒍𝒍𝒔𝒔 �𝟐𝟐𝒙𝒙−𝟑𝟑
𝟐𝟐𝒙𝒙+𝟓𝟓

� 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�(𝟐𝟐𝒙𝒙 + 𝟏𝟏) 𝒍𝒍𝒔𝒔 �𝟐𝟐𝒙𝒙−𝟑𝟑
𝟐𝟐𝒙𝒙+𝟓𝟓

��  →  𝟎𝟎 ∙ ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔�𝟐𝟐𝒙𝒙−𝟑𝟑𝟐𝟐𝒙𝒙+𝟓𝟓�
𝟏𝟏

𝟐𝟐𝒙𝒙+𝟏𝟏

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔(𝟐𝟐𝒙𝒙−𝟑𝟑)−𝒍𝒍𝒔𝒔(𝟐𝟐𝒙𝒙+𝟓𝟓)
𝟏𝟏

𝟐𝟐𝒙𝒙+𝟏𝟏

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐
𝟐𝟐𝒙𝒙−𝟑𝟑−

𝟐𝟐
𝟐𝟐𝒙𝒙+𝟓𝟓

− 𝟐𝟐
(𝟐𝟐𝒙𝒙+𝟏𝟏)𝟐𝟐

  

 = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟐𝟐(𝟐𝟐𝒙𝒙+𝟓𝟓)−𝟐𝟐(𝟐𝟐𝒙𝒙−𝟑𝟑)
(𝟐𝟐𝒙𝒙−𝟑𝟑)(𝟐𝟐𝒙𝒙+𝟓𝟓)

− 𝟐𝟐
(𝟐𝟐𝒙𝒙+𝟏𝟏)𝟐𝟐

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

−𝟖𝟖(𝟐𝟐𝒙𝒙+𝟏𝟏)𝟐𝟐

(𝟐𝟐𝒙𝒙−𝟑𝟑)(𝟐𝟐𝒙𝒙+𝟓𝟓) = 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

−𝟑𝟑𝟐𝟐𝒙𝒙𝟐𝟐−𝟑𝟑𝟐𝟐𝒙𝒙−𝟖𝟖
𝟒𝟒𝒙𝒙𝟐𝟐+𝟒𝟒𝒙𝒙−𝟏𝟏𝟓𝟓

= −𝟑𝟑𝟐𝟐
𝟒𝟒

= −𝟖𝟖  

So,  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝟐𝟐𝒙𝒙−𝟑𝟑
𝟐𝟐𝒙𝒙+𝟓𝟓

�
𝟐𝟐𝒙𝒙+𝟏𝟏

= 𝒆𝒆−𝟖𝟖  

 

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)] 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒆𝒆𝒙𝒙) = 𝒆𝒆𝒙𝒙  

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)] 

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

   

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒔𝒔𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = 𝒇𝒇′(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒔𝒔(𝒇𝒇(𝒙𝒙))   

𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]𝒈𝒈(𝒙𝒙) = 𝒈𝒈(𝒙𝒙) 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]  

𝒍𝒍𝒔𝒔 �𝒇𝒇(𝒙𝒙)
𝒈𝒈(𝒙𝒙)

� = 𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]− 𝒍𝒍𝒔𝒔[𝒈𝒈(𝒙𝒙)]   

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔[𝒇𝒇(𝒙𝒙)]) = 𝒇𝒇′(𝒙𝒙)
𝒇𝒇(𝒙𝒙)

   

𝒅𝒅
𝒅𝒅𝒙𝒙
�𝒔𝒔𝒍𝒍𝒔𝒔�𝒇𝒇(𝒙𝒙)�� = 𝒇𝒇′(𝒙𝒙) 𝒄𝒄𝒄𝒄𝒔𝒔(𝒇𝒇(𝒙𝒙))   

If we have  𝒇𝒇(𝒙𝒙) = 𝒕𝒕𝒙𝒙𝒍𝒍+⋯
𝒃𝒃𝒙𝒙𝒔𝒔+⋯

 : 

1. If  𝒍𝒍 > 𝒔𝒔 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒇𝒇(𝒙𝒙) = ±∞ 

2. If  𝒍𝒍 = 𝒔𝒔 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒇𝒇(𝒙𝒙) = 𝒕𝒕
𝒃𝒃
 

3. If  𝒍𝒍 < 𝒔𝒔 , then  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒇𝒇(𝒙𝒙) = 𝟎𝟎 

 



 
34. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→∞
(𝒙𝒙 − 𝒍𝒍𝒔𝒔𝒙𝒙)   → Type  ∞−∞ 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒙𝒙 = ∞ , 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔𝒙𝒙 = ∞ 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

�𝒙𝒙 �𝟏𝟏 − 𝒍𝒍𝒔𝒔𝒙𝒙
𝒙𝒙
�� = (∞)(𝟏𝟏 − 𝟎𝟎) = ∞  

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝒍𝒍𝒔𝒔𝒙𝒙
𝒙𝒙

  →  ∞
∞

 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→∞

𝟏𝟏
𝒙𝒙
𝟏𝟏

= 𝟏𝟏
∞

= 𝟎𝟎   

 
35. 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→−∞
𝒙𝒙

�𝒙𝒙𝟐𝟐+𝟏𝟏
   → Type  ∞

∞
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

𝟏𝟏

− 𝟐𝟐𝒙𝒙

𝟐𝟐�𝒙𝒙𝟐𝟐+𝟏𝟏

  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

−
�𝒙𝒙𝟐𝟐+𝟏𝟏

𝒙𝒙
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

−
�𝒙𝒙𝟐𝟐�𝟏𝟏+ 𝟏𝟏

𝒙𝒙𝟐𝟐
�

𝒙𝒙
  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→−∞

−
𝒙𝒙��𝟏𝟏+ 𝟏𝟏

𝒙𝒙𝟐𝟐
�

𝒙𝒙
= 𝒍𝒍𝒍𝒍𝒍𝒍

𝒙𝒙→−∞
−
��𝟏𝟏+ 𝟏𝟏

𝒙𝒙𝟐𝟐
�

𝟏𝟏
= −�𝟏𝟏 + 𝟏𝟏

∞
= −𝟏𝟏    

  
 

 If  𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒔𝒔𝒍𝒍𝒔𝒔(𝒕𝒕𝒙𝒙)+𝒃𝒃𝒙𝒙𝟑𝟑−𝟐𝟐𝒙𝒙
𝒙𝒙𝟑𝟑

= 𝟎𝟎. Find  𝒕𝒕 and  𝒃𝒃.   → Type  𝟎𝟎
𝟎𝟎
 

𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝒕𝒕𝒄𝒄𝒄𝒄𝒔𝒔(𝒕𝒕𝒙𝒙)+𝟑𝟑𝒃𝒃𝒙𝒙𝟐𝟐−𝟐𝟐
𝟑𝟑𝒙𝒙𝟐𝟐

  →  𝟎𝟎
𝟎𝟎
 

→ 𝒕𝒕𝒄𝒄𝒄𝒄𝒔𝒔(𝟎𝟎) + 𝟑𝟑𝒃𝒃(𝟎𝟎) − 𝟐𝟐 = 𝟎𝟎  → 𝒕𝒕− 𝟐𝟐 = 𝟎𝟎  → 𝒕𝒕 = 𝟐𝟐  

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

𝟐𝟐𝒄𝒄𝒄𝒄𝒔𝒔(𝟐𝟐𝒙𝒙)+𝟑𝟑𝒃𝒃𝒙𝒙𝟐𝟐−𝟐𝟐
𝟑𝟑𝒙𝒙𝟐𝟐

   

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝟒𝟒𝒔𝒔𝒍𝒍𝒔𝒔(𝟐𝟐𝒙𝒙)+𝟔𝟔𝒃𝒃𝒙𝒙
𝟔𝟔𝒙𝒙

  →  𝟎𝟎
𝟎𝟎
 

= 𝒍𝒍𝒍𝒍𝒍𝒍
𝒙𝒙→𝟎𝟎

−𝟖𝟖𝒄𝒄𝒄𝒄𝒔𝒔(𝟐𝟐𝒙𝒙)+𝟔𝟔𝒃𝒃
𝟔𝟔

= −𝟖𝟖+𝟔𝟔𝒃𝒃
𝟔𝟔

= 𝟎𝟎  

→ −𝟖𝟖 + 𝟔𝟔𝒃𝒃 = 𝟎𝟎  → 𝟔𝟔𝒃𝒃 = 𝟖𝟖  → 𝒃𝒃 = 𝟖𝟖
𝟔𝟔

= 𝟒𝟒
𝟑𝟑
  

 

  

𝒅𝒅
𝒅𝒅𝒙𝒙

(𝒍𝒍𝒔𝒔𝒙𝒙) = 𝟏𝟏
𝒙𝒙
   

𝒅𝒅
𝒅𝒅𝒙𝒙
��𝒇𝒇(𝒙𝒙)� = 𝒇𝒇′(𝒙𝒙)

𝟐𝟐�𝒇𝒇(𝒙𝒙)
  


	
	



